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Abstract

Networks are an useful abstraction to model complex systems: the set of nodes represents

the fundamental units, and the set of links constitutes the constraint to interactions among

these units. This simple but powerful abstraction provides a framework for studying

how interactions among the micro components of the system generates its macroscopic

properties, or in other words for understanding the emergence of complexity.

Modeling a dynamical process on a graph structure may be a hard task, and it is

often necessary to implement computer simulations to study the emerging dynamics.

Simulations can be very useful, and can give lots of insights about the emerging properties

of a complex system but it is always preferable to have equation based models, not

necessarily as a substitute of agent based models, in fact to complement the former and

give a clearer framework inside which the results of the agent based model can be better

understood.

Chapter 1 introduces the minimal background material on network theory and pro-

vides a brief introduction to pair approximation.

Chapters 2 and 3 develop equation-based models to study dynamical processes on

networks, using a mean field approach based on pair approximation. Chapter 2 provides

a version of the replicator equation for a family of graphs with local homogeneity and

global heterogeneity, here called multiregular graphs. This replicator equation on graphs

is applied to the study of the evolution of cooperation, finding a relationship between the

cost of cooperation and the graph topology that ensures the sustainability of cooperation

in equilibrium.

Chapter 3 studies the dynamics of ideological conflict in a population structured on

a graph, using the framework of epidemiological compartmental models. We develop a

new typology of epidemic dynamics, where the surveillance against the diffusion of the

disease is performed by a specific class of nodes instead that being exogenously imposed

via death or vaccination, resulting in a novel dynamic behaviour. The dynamic is analyzed

on a complete, a static regular and an adaptive network, and the epidemic thresholds for

the three models are compared.



x

Chapter 4 studies an Edgeworth process on a weighted graph, that is a simple dynamics

of pure exchange among nodes placed on a complete graph with weighted edges. The

main result of this paper is determining the conditions under which the set of topologies

can be mapped one-to-one to the set of stable equilibria of the trade dynamics. Under

a minimal set of assumption we provide a version of the Second Welfare Theorem for

networks.
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Chapter 1

Basic Concepts

Networks are

1.1 Graphs and networks

A network is a system that can be represented by a set of nodes (vertices) and a set of

connections among them, links (edges), where the nodes constitute the elements of the

system, while the links between them represent the existence of some form of interaction.

Clearly many systems can be described using this abstract framework, where the network

provides the conceptual basis that allows to represent complex interactions between

the different components of the system. Networks are applied and studied in many

disciplines, and are the core subject of mathematical graph theory, which provides a

rigorous framework and a large set of theorems for analyzing the properties of these

beautiful abstract objects. The origin of the discipline of graph theory is usually attributed

to Euler’s famous paper on the Köningsberg Bridge problem, presented to St. Petersburg

Academy in 1735 [35]. Here we present a very brief review of the basic concepts of network

theory, in order to provide the reader with a set of definitions that will be later used in the

following papers. The terminology adopted is from [7] and [13], that we recommend to

the interested reader for a more extensive introduction.

Basic Definitions

A graph G = (V ,E) is an ordered pair of disjoint sets, V being the set of nodes or vertices

and E =V ×V the cartesian product of the vertex set, giving all the possible pairs of edges,

called links or edges. If a couple of vertices i , j ∈ V is joined by an edge (i , j ) ∈ E they

are called adjacent or connected. If the link represents a bidirectional relation then the
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graph is undirected, otherwise it is directed, and (i , j ) means there is a link from i to j

(not necessarily a link in the opposite direction). All the graph treated in this thesis are

undirected. The set of nodes connected with a i is usually called the neighbourhood of

i , denoted V (i ) and we will often refer to adjacent nodes as nei g hbour s. A very useful

mathematical representation of the graph is given by the adjacency matrix, a square

symmetric (in the undirected case) matrix of dimension equal to the number of nodes

in the graph with entries 0 or 1, defined A = ai j , where ai j = 1 if (i , j ) ∈ E and ai j = 0

if (i , j ) ∉ E . If the graph is simple, that is presents no loops or multiple edges, the main

diagonal of the adjacency matrix is made of all zeros. The adjacency matrix can be

particularly useful in describing the graph properties. For example the entry ak
i j of Ak ,

kth power of A represents the number of paths of length k between i and j , that is the

number of consecutive edges connecting the two nodes. If the path starts and ends in the

same node we have a cycle. Given a set of vertices according to characteristics of the set

of edges we can classify different families of graphs. When the number of edges equals

the number of vertices, hence all vertices are connected, the graph is called complete.

If every vertex has the same number of adjacent vertices d , then it is called a d-regular

graph. A graph is said to be connected if there exists a path between any two vertices.

A minimal connected graph, that is a graph that after the removal of any of its edges is

disconnected, it is called a tree. A special tree, with an internal node to which all the

remaining nodes are connected (its k leaves) is called a star. A subgraph G ′ = (V ′,E ′) of

G = (V ,E) is a graph such that V ′ ⊂ V and E ′ ⊂ E . We define an induced subgraph of a

graph G = (V ,E ) a subgraph G[S] = (S, Ê ) over a subset of the vertex set S ⊂V such that for

any two vertice in S, if (i , j )S ∈ E then (i , j )S ∈ Ê . A subset of vertices of a graph is called a

clique if its induced subgraph is complete.

Some graph metrics

Here we define some of the basic metrics that help in classify nodes in terms of their

importance. The most obvious metric is the number of connections a node has, which

is called degree. In undirected graphs the degree centrality of a node is hence simply

given by the sum of its adjacent vertices, or alternatively by the sum of the elements of

the corresponding row in the adjacency matrix. Nodes are hence classified according to

how well they are connected, but this measure stops at the neighbourhood level, without

considering the contribution of its neighbours’ connections to the importance of the node.

There are more refined measures of centrality that take in consideration also the degree of

neighbouring nodes, like the Bonacich centrality, for a definition and discussionof this

and other centrality measures see [57]. By aggregating the information about the degree
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of all the nodes it is possible to obtain a powerful statistical measure of the entrire graph,

namely the degree distribution. The degree distribution Pk is the probability that any

randomly chosen vertex has degree k [7]. An important degree distribution is the power

law [6], that emerges in many real networks, the typical example is the world wide web,

where there are very few highly connected nodes and many with low degree. Graphs

showing a power law degree distribution are called scale free. Another useful statistic is

the average degree, which is just defined as the sum of the degree of all nodes divided by

their numerosity. Calling κ the average degree and ki the degree of node i :

κ= 1

|V |
∑

i
ki =

∑
k

Pk = 2|E |
|V | (1.1)

where |V | and |E | represent the cardinality of the vertex and edge set respectively.

Clustering

An important measure of the local structure of neighbourhoods in a graph is called

clustering. This captures a common characteristic observed in social networks, that

two friends of someone tend to be friends with each other. Topologically these three nodes

form a triangle, or a closed triple. There are different definitions of clustering, but they are

all version of "counting triangles in the graph", or more precisely:

C∆ = 3×number of closed triples

number of triples
(1.2)

Weighted Graphs

The graph structure can be enriched by attributing labels to vertices (for example repre-

senting different states, or types), or the structure can be modified by attaching a scalar to

each edge, measuring the intensity of the relationship this represents. This is the case of

weighted graphs. The analogous to the adjacency matrix in this case is a matrix whose wi j

entry represents the weight attached to the (i , j ) edge, a zero weight corresponding to the

absence of a connection. In the last chapter of this thesis we will use a simple undirected

weighted graph where the weights are normalized so that the sum of all the weights of

a node is equal to 1. The adjacency matrix in this case is a symmetric doubly stochastic

matrix (a matrix whose rows and columns sum up to 1).
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Random Graphs

Random graph theory is an important branch of graph theory that originates with some

papers of Erdős Pál who discovered the important methodological approach that graph

existence can be proved by using probabilistic methods without necessarily constructing

the graph [13]. The interest of random graph theory is on determining what are the

characteristics of most graphs inside a family, in other word discovering if there is a typical

graph, in the sense a graph with some clear properties that has a high probability over

the space of graphs in a given family. The existence of such typical graph was discovered

by Erdős and Rényi in their early works, [31], [32]. A random graph can be defined as a

probability space whose points are graphs [13]. A simple example considers a set of n

vertices, V , defining the complete graph over these vertices as Kn . The space G (n, M)

is made of all the subgraphs of Kn with M edges, where M ∈ [0, N ] and N = (n
2

)
is the

number of edges of Kn . The number of elements in the space G (n, M) is
(N

M

)
. By attaching

a probability to any of the elements of this space, G (n, M) becomes a probability space.

The simplest way of doing this is assuming that all elements have the same probability,

then the probability of a random graph Gn,M ∈G (n, M), so the probability that a graph

taken at random in the space has exactly that precise structure on the given vertices and

with the given number of edges, is simply 1/
(N

M

)
. There are other ways of defining a RG ,

see [13] for an extensive and rigorous analysis. The construction of this probability space

is the basic building block to explore the properties of most graph in a family and those

of almost every graph in a probability space, hence those asymptotic property that occur

almost everywhere in the space.

A specific type of such probability space is made of graphs where the degrees of vertices

are restricted [125], that is the uniform probability space of d − r eg ul ar graphs over n

vertices, Gn,d with the necessary restriction of nd being even. In the contest of this thesis

we are particularly interested the enumeration of regular graphs of a given degree over a

given number of vertices, that is in finding an asymptotic formula for the computation

of this number. To this scope we will make use of some well-assessed results in random

graph theory, that will be presented in the first paper.

1.2 Pair Approximation

Pair approximation is a specific form of moment closure approximation, a technique

used for obtaining equation-based models of complex systems. The idea of the moment

closure method in the context of dynamical systems is to derive a set of moment equations

(typically differential or difference equtions), describing the behaviour of the moments
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(we will use the mean) of the random variable generated by the stochastic dynamical

system. This moment equations will typically depend on possibly infinite chains of higher

order correlations, that will be approximated by a function of lower order correlations,

that is a moment closure, in order to allow analytical tractability [63].

Pair approximation was introduced by [45] to study the spatial dynamic od Lotka-

Volterra models, and have had a great diffusion in theoretical biology for the study of

several phenomena on spatially structured populations [75], [? ], [? ], [? ], [8].

The dynamics of such systems can be studied by analysing the rate of changes of some

average quantites, which in turn can be predicted with good accuracy [4]. This can be

done by deriving the expected rate of change of, say, the proportion of agents which are in

a certain state, as an average of all the possible events that affects this proportion over the

network. So for example the expected global change of the proportion of terrorist agent

( f ) in a regular network can be written as

dE( f )

d t
= E

(d f

d t

)
= ∑

all sites i

∑
all events ei

r (ei )( fei − f ) (1.3)

where r (ei ) is the probability of an event e at vertex i that affects the average f by fei . The

rates r (ei ) depend on the spatial configuration of the network. Now, if the quantity of

interest f is, as above, the proportion of sites occupied by terrorists, then the above is a

simple non-spatial model. If, instead, f tracks some other spatial configuration (pairs of

vertices, triangles, and so on) then we can analyze how the configuration of the structure

change given the dynamical process. Pair approximation analyzes pairs of neighbouring

sites, and it is the simplest possible spatial configuration that can be studied with a master

equation like (1.3).

1.3 Dynamical Systems





Chapter 2

Replicator Equation on Multiregular

Graphs





Abstract

Evolutionary graph theory studies evolutionary dynamics among agents whose interac-

tions are determined by a graph structure. While the evolutionary dynamics of simple and

homogeneous graphs is relatively easy to study, there is a gap in the literature regarding

closed-form solutions of dynamics on complex , inhomogeneoug graphs, as topological

complexity often endangers analytical tractability. Real world networks usually show

complex structures, hence it is necessary to develop techniques to study evolutionary

dynamics on non trivial topologies. The replicator equation is one of the fundamental

mechanism to study selection, this paper provides a version of the replicator equation

for a family of complex graphs using the method of pair approximation and proposes an

algorithm for the generation of such graphs.

Keywords: Replicator equation, Multi-regular graph, Random Graph, Algorithm

2.1 Introduction

Evolutionary Game Theory [EGT] studies the behaviour of large populations of agents

who repeatedly interact strategically [104]. EGT was introduced in 1973 by Maynard-Smith

and Price[56] in the contest of the study of animal conflict. One of the building blocks of

EGT is that fitness (which in genetics is the level of reproductive success relative to some

baseline level) of a phenotype does not depend simply on the quality of the phenotype

itself, but on the frequencies of different phenotypes in the population. Fitness is hence

frequency dependent [83] In EGT, as opposed to Classical Game Theory, rationality plays

no role: when individuals play a game with other individuals in the population, they do

not choose their strategies as their strategy is the manifestation of their inheritance and it

is determined (think of a phisical trait as simple example, you don’t get to choose your

height). For the same reason the other individuals against whom she plays have fixed

strategies. The payoffs of the game are in terms of fitness, so if a trait offers an evolutive

advantage over another, this would translate in a better fitness for the individual who

has inherited that trait. The dynamics resulting from interactions between individuals
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carrying different traits capture the process of natural selection: the strategy (phenotype,

cultural trait) that performs better gives an advantage in term of reproductive success,

hence it will reproduce at a higher rate and eventually take over the entire population [83].

EGT stem from the field of evolutionary biology, intended as an application of game theory

to biological context, and succesively finds applications in many other fields, such as

sociology, economics, anthropology, where it is applied for the study of cultural evolution

[20], that is to say the change of behavioural norms over time, or to evolution of language

[86]. Modifications of the originary concept allow to extend the study from completely non-

rational players (in a purely biological setting) to players that are boundedly rational, and

whose decision process is infuenced by other factors beyond rationality, such as myopic

behaviour, imitation or (anti-)conformism. For an inspiring exposition of its various

application to economics and social sciences see [15]. The weaker rationality assumption

that characterize EGT models is often more appropriate for the study of social system

than the strong rationality assumptions on which classical game theory is based, the latter

being largely disproved by a huge literature on experiments showing the systematic fallacy

of preference axioms. Another reason for the success of EGT in social sciences is that it is

a dynamical theory, where classical game theory has a powerful concept of equilibrium

and multiple refinements, but lacks a dynamical model that explains how these equilibria

are reached, limitation that was already clear to Von Neumann and Morgenstern in their

fundational work [78].

One of the basic assumptions of EGT is that every individual interacts with everyone else

in the population with the same probability. This assumption is clearly limitative, since

in every kind of population (bacteria, cells, animals, human) the relational structure is

constrained by some underlying architecture, whether representing physical or social

distance in social networks, rather than biochemical events in protein networks. When

a population is fully mixed the probability of interaction between individuals carrying

different traits is just given by the product of the frequencies of the two traits in the

population, which is equivalent to say that matching is random. If matching is not

random, for example because there is a positive (negative) correlation between the type of

the individual and those with whom she interacts, then we say there is positive (negative)

assortative matching, due for example to kin selection [84] or to geographic proximity

[85]. When matching is non random the focus is not only on individual but on group

selection, and on the competition among groups whose fitness depends ultimately on the

group composition. Group selection has been used to model extensively the evolutionary

fundation of human cooperation in [16]. [58] give a general framework for evolutionarily

stable strategy under arbitrary matching rules. Evolutionary Graph Theory [EGrT] takes a
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different approach, as individuals are placed a graph, that determine not only with whom

the individual interacts to play the evolutive game, but also where a new born offspring

will be placed (even if the interaction and the replacement graph don’t need to coincide,

see for example [90]). The interest of EGrT is to study the impact of the topology on

evolutionary dynamics. It was introduced by [66], who showed in their seminal paper the

role of different topologies in suppressing or amplifying selection. Among the interesting

contribution in the field there have been applications to the study of the evolution of

cooperation on different kinds of graphs [36], finding the relation between the cost of

cooperation and the connectivity of the interaction and replacement graph that favors

cooperation.[88] determine an analytical condition for the Evolutionary Stable Strategy

for regular graphs under different updating rules. [89], on which the present work is

based, find the replicator equation on a regular graph proving that it corresponds to a

transformation of the payoff matrix of the evolutive game. One of the problematic aspects

of EGrT is that, as soon as the complexity of the structure increases, the computational

complexity explodes, making often impossible to obtain closed form solutions for the

dynamical process, hence many works in the field rely on an algorithmic approach. It is

important to stress that the complexity of many problems of the evolutionary dynamics

of structured populations is not completely understood. Recently [54] showed that the

complexity classes used in computer science to classify problems and the algorithms

to solve them can be used to classify some of the problems of interest of EGrT. They

prove that for some of these problems (for example finding the fixation probability of a

structured population) it is simply not possible to find a solution expressed by equations

(unless P=NP).

There are lot of interesting open questions in EGrT that needs to be explored, as

suggested in [110] . The two more promising lines of research appears to be the study of

the effect of complex topologies on the dynamics, and the study of the dynamics with

endogenous structure, when the graph is not fixed but can itself change due to evolution.

The contribution of this paper is a replicator equation under different updating rules

for a family of complex graphs that are characterized by local degree homogeneity and

global degree heterogeneity, that we call a multi-regular graph.

The paper is structured as follows: the first part introduces the replicator equation on

regular graphs, explaining the result obtained by [89] and showing in some detail how it

is derived. Then a new family of graphs is introduced, and using the framework of [89]

the replicator equation for these graphs is introduced. This equation is then applied to

study a simple example of evolution of cooperation on a multiregular graph. A formula for
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computing the expected degree distribution of a random multiregular graph is proposed,

and finally an algorithm to generate graphs belonging to this family.

2.2 Replicator Equation on Regular Graphs

The Replicator Equation is one of the fundamental tools for the study of evolutionary

dynamics. Take an evolutionary game with n strategies and a payoff matrixΠ, where πi j

denotes the payoff that strategy i obtains against strategy j . Say that the frequency of

each strategy i ∈ n is given by xi , where
∑

i∈n xi = 1. Define as fi =∑
j∈n x jπi j the fitness

of strategy i and as φ=∑
i∈n xi fi the average fitness of the population, then the replicator

equation is:

ẋi = xi ( fi −φ) for i ∈ n (2.1)

According to this equation the time evolution of the frequency of strategy i in the pop-

ulation depends on the relative advantage that i has in term of fitness with respect to

the average fitness of the population. It is deterministic, does not consider mutation

and assumes a well-mixed population. The trajectory of this equation lies entirely on the

(n −1)dimensional unitary simplex.

If the population is placed on a graph, then this equation cannot be used to describe

the evolutionary dynamics. Under certain assumption on the population topology it is

possible to derive an equivalent version of a replicator equation on graph. This fundamen-

tal result is obtained by [88], considering an infinitely large population placed on a regular

graph of degree k, in which each vertex is occupied by an individual, and all the vertices

are occupied. A regular graph is characterized by degree homogeneity: every vertex has

the same number of neighbours, k. Each individual play an evolutionary game with his k

neighbours and obtains an accumulated payoff P . The usual way [66] to translate payoff

into fitness, that is reproductive success, is through the following formula:

F = (1−w)+wP (2.2)

where 0 ≤ w ≤ 1 is a parameter representing the intensity of selection, with w = 0 the case

in which fitness is constant and independent on the payoff, and w = 1 the other extreme

case in which fitness is exatcly equal to the payoff. On what follows w is assumed small

and strictly less than 1.

As it is common in the literature, three updating rules are considered for the evolutionary

dynamics: ’birth-death’, ’death-birth’ and ’imitation’.
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[BD: Birth-Death] An individual is chosen for reproduction with probability proportional

to fitness. The offspring replaces one of the k neighbour chosen randomly.

[DB: Death-Birth] An individual is randomly chosen to die. One of the k neighbours

replaces it with probability proportional to their fitness.

[IM: Imitation] An individual is randomly chosen to update his strategy. He can imitate

one of his k neighbours proportional to their fitness.

[88] prove that for small w the dynamics of the frequencies of strategies in an n ×n game

can be described by a simple modification of the common replicator equation. Using pair

approximation method1 the authors derive this equation for the replicator dynamics on a

regular graph:

ẋi = xi

[ n∑
j=1

x j (πi j +bi j )−φ
]

(2.3)

where ẋi is the derivative of frequency of the i-th strategy with respect to time, πi j

is the payoff a player with strategy i gets when the other player adopts j , and φ =∑n
i j=1 xi x j (πi j +bi j ). The bi j term is the key parameter that is obtained as a transfor-

mation of the initial payoff matrix, which form depends on the updating process followed.

In the three updating process considered it is given by:

[BD]: bi j =
πi i +πi j −π j i −π j j

k −2

[DB]: bi j =
(k +1)πi i +πi j −π j i − (k +1)π j j

(k +1)(k −2)

[IM]: bi j =
(k +3)πi i +3πi j −3π j i − (k +3)π j j

(k +1)(k −2)

(2.4)

Equation (2.3) is a transformed version of the classic replicator equation [117]. Ohtsuki

and Nowak [88] call (2.3) the replicator equation on graphs. This equation says that

evolutionary dynamics on a regular graph can be analyzed by simply transforming the

payoff matrix Π = [πi j ] i , j = 1, ...,n in Π̂ =Π+B = [πi j +bi j ] where the value of bi j will

depend on the updating rule considered. Moreover, given the structure of bi j in each

of the updating rule, we can easily see that B = [bi j ] is an antisymmetric matrix with

0s on the main diagonal, given that bi i = 0 and bi j = −b j i . This matrix captures local

1Pair Approximation method was first used in the contest of population dynamics by [45] who proposed
a statistical physics approach to the study of the evolution of populations.
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competition on a graph taking account of the gain of i − th strategy from i and j players

and the gains of j − th strategy from i and j players [87].

The same transformed payoff matrix can be used to derive the conditions for an Evolu-

tionary Stable Strategy (ESS) on regular graphs [89]. A strategy is an ESS if, when most

of the members of a population adopt it, there is no mutant strategy that can invade the

population [56] (for a rigorous definition of ESS and its derivation on a regular graph see

Appendix). An ESS if the population is well-mixed can be seen as a refinement of the

Nash Equilibrium: it is important to notice that depending on Π̂, the ESS depends on the

topology, while Nash Equilibrium does not. A strategy is a strict Nash Equilibrium if there

can be no strict gain in payoff in switching to another strategy, irrespective of the topology.

This implies that the condition for a strategy to be NE on a graph are exactly the same as

those in a well-mixed population. As a consequence, when the population is structured

the relation between Nash and ESS does not hold anymore: an ESS may not be a NE and

and a NE may not be an ESS.

2.3 Derivation of Replicator Equation

The following section presents a rigorous derivation of the replicator equation on regular

graph in the case of BD updating, following [88]. The procedure for the derivation of the

replicator equation for the two other updating mechanisms is analogous to the procedure

for BD.

Remind that in the BD updating the player chosen for reproduction is picked with

probability proportional to fitness, then his offspring replaces a random neighbour. The

idea is to analyze local frequencies and global frequencies separately, which is possible

given that local dynamics and global dynamics have different time scales. Given (2.2) and

considering weak selection (w far from 1), the global frequencies change at a rate w , while

local frequencies change at a rate of order 1. So local frequencies change can be derived

considering glogal frequencies constant. Define as qi | j the conditional probability that the

player considered uses strategy i given that adjacent player adopts strategy j . This is the

local frequency of strategy i around strategy j. In terms of global frequencies this is given

by qi | j = xi j /x j that is to say the global frequency of pairs i − j adjusted for the global

frequency of strategy j . The local frequency may be more complex, being conditioned

not only on the adjacent player’s strategy but also on the strategy of a two-step adjacent

player. For the sake of tractability [88] uses the pair-approximation method, which has as

a crucial assumption that the strategies of players that are more than one step adjacent do

not affect the local frequency.
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The first step is to derive local frequencies at equilibrium. If a player is chosen for repro-

duction on average once per step, the dynamics of the local frequencies are then:

q̇i | j =
ẋi j

x j
= 2

k

[
δi j + (k −1)

(∑
s

qi |s qs| j
)
−kqi | j

]
+O(w) (2.5)

where δi j is the Kronecker delta, δi j = 1 if i = j , δi j = 0 otherwise. Using the fact that

qi | j x j = q j |i xi the local frequencies in equilibrium are given by:

q∗
i | j =

(k −2)xi +δi | j
k −1

(2.6)

These equilibrium conditions highlight the fact that players with the same strategy tend

to form clusters, as can be seen by the inequality q∗
i |i > xi > q∗

i | j . Now let the (i ;k1, ...,kn)-

player be the player adopting strategy i with ks , s = 1, . . . ,n denotes the number of neigh-

bors playing strategy s and k = k1 +·· ·+kn . The number of i -players increases when a

(i ;k1, ...,kn)-player is chosen for reproduction (event A) and his offspring replaces one of

the k neighbor who is not an i -player (event B). The probabilities of these events are:

P[A] =
[

xi

( k !

k1! · · ·kn !
qk1

1|i · · ·qkn
n|iΠ(i ;k1,...,kn )

)]/
Π̄ (2.7)

where

Π(i ;k1,...,kn ) = 1−w +w
(∑

s ksπi s

)
(2.8)

is the fitness of the (i ;k1, ...,kn)-player and Π̄ is the average fitness in the population.

P[B ] = 1− (ki /k) (2.9)

On the other hand the number of i -players decreases when a ( j ;k1, ...,kn)-player ( j ̸= i ) is

selected for reproduction and the offspring replaces an i -player. Name these two events C

and D respectively, their probabilities are:

P[C ] =
[

x j

( k !

k1! · · ·kn !
qk1

1| j · · ·qkn
n| jΠ( j ;k1,...,kn )

)]/
Π̄ (2.10)

and

P[D] = ki /k (2.11)

Considering each updating step takes ∆t , call the global expected increment in the fre-

quency of i -players E[∆xi ]. In infinite populations we can have the global dynamics of

strategy i as
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ẋi =E[∆xi ]

∆t

= ∑
k1+···+kn=k

[
xi

( k !

k1! · · ·kn !
qk1

1|i · · ·qkn
n|iΠ(i ;k1,...,kn )

)][
1− ki

k

]/
Π̄

− ∑
k1+···+kn=k

j ̸=i

[
x j

( k !

k1! · · ·kn !
qk1

1| j · · ·qkn
n| jΠ( j ;k1,...,kn )

)]ki

k

/
Π̄

≈ w
(k −2)2

k −1
xi ( fi + gi −φ)

(2.12)

where

fi =
∑

j
x jπi j [average payoff of strategy i]

φ=∑
i

xi fi =
∑
i , j

xi x jπi j [average payoff of the population]

gi =
∑

j
x j bi j [local competition among strategies]

bi j =
πi i +πi j −π j i −π j j

k −2

(2.13)

The constant factor w(k −2)2/(k −1) is equivalent to a change of time scale, hence can

be neglected, rewriting (2.12) simply as

ẋi = xi ( fi + gi −φ) (2.14)

which can be written as (2.3).

2.4 Extensions

A regular graph of degree k is more complex than a full-connected graph, still the com-

plexity of the structure is minimal. In this section the results obtained above are extended

to a structure of increased complexity. The approach followed is to isolate the relevant

graph properties that are necessary in order to use the pair approximation method, and to

relax other assumptions that do not harm the mathematical tractability. The necessary

conditions that have to hold are regularity and connectedness, but relaxing in some way

regularity is pivotal to add some complexity to the structure. We don’t want all the vertices

to have the same degree, hence it is necessary to introduce some degree heterogeneity.
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In order to construct the desired structure it is necessary to provide some preliminary

definitions. First, define as maximal degree-homogeneous vertex subset a subset of vertices

with the same degree such that from each vertex in this subset there exist a path to any

other vertex in the subset that traverses only vertices in the subset.

Definition 1 Define V (di ) as a maximal degree-homogenous (of degree di ) vertex subset of

the set of vertices V of the multi-regular graph, a vertex subset obtained in this way: pick

a vertex of degree di , add it to V (di ). Then add all its neighbours with degree di . For each

neighbour add all its neighbours of degree di that are not yet in the vertex subset. Continue

until no remaining neighbour of the added vertices has degree di .

Definition 2 Define as multi-regular graph G the graph with the following properties:

[a] the degree of each vertex is some integer di where di ∈ [3, . . . ,m].

[b1] each of the di neighbours of each vertex has degree di (interior vertex) or, alteratively

[b2] di − 1 neighbours have degree di and the remaining one degree d j ̸= di (frontier

vertex).

[c] each V (di ) has a number of vertices ni ≥ di +1 and ni ki even.

[d] each V (di ) has an even number of frontier vertices.

[e] G is connected.

First of all notice that for each possible degree di there can be more than one V (di ), the

only case in which the V (di ) is unique being when there is no other vertices of degree di on

the graph that is not directly connected with any of the vertices in V (di ). Clearly different

V (di )s of the same degree have different vertices (if v ∈ V (di )
′ ⇐⇒ v ∉ V (di )

′′∀v), because

only neighbouring vertices of degree di can belong to a certain degree homogeneous

vertex subset. Hence we can say that all the subgraphs of G which vertices are all in one of

the V (di ) for given i (so have degree di ) belong to the class of di -homogeneous subgraphs

of G .

Properties [b1] and [b2] ensure the form of regularity condition required. Consider that

both interior and frontier neighbouring vertices of the same degree di belong to the

same V (di ). The induced subgraph of V (di ) is a regular graph of degree di provided that

we consider also the edges that from the frontier vertices of V (di ) goes outside V (di ).

This is a key point because under the assumption of [88], in particular the assumpion

of independence of local frequencies from strategies of players that are more than one
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step adjacent, we can use (2.5) for computing local frequencies on a multi-regular graph.

Properties [d] and [e] ensure that the graph is at least 2-connected, or in general, e-

connected with e even. Property [c] simply guarantees the existence of a regular graph

of degree di on the vertices of V (di ). So a multi-regular graph keeps the requirement of

regularity, and allows to extend the analysis to a more complex population structure, in

which vertices belonging to the same V (di ) have the same number of interactions, but

this number can vary among different V (di )s.

Fig. 2.1 Multi-regular graph with three V of degrees 3,4 and 6. The gray vertices are the
frontier vertices which create a bridge with an adjacent V of different degree. The blue
vertices are interior vertices.

A multi-regular graph is represented in Figure 1. Here there are three V (di )s, respectively

V3 of degree 3, made by the four vertices on the top of the figure, V4 of degree 4 made by

the 6 vertices on the right and V6 of degree 6 made by the 7 vertices on the left. The blue

vertices are inner vertices, and the gray are frontier vertices. This graph is 2-connected. As

can be seen in Figure 2, if we remove one edge between two frontier vertices, the graph is

still connected, but regularity condition holds no more. If we try to "restore" regularity by

adding an edge between any of the two red vertices and one of the blue or gray vertices, we

violate conditions [b1], [b2]. The only way to obtain a regular graph is removing also the

other two edges between the remaining frontier vertices, obtaining a regular graph which

is not connected, hence is not multi-regular as depicted in Figure 3. In order to see how a

V (di ) is constructed, imagine we pick vertex b in Figure 2. It has degree 4, so we create V4

and add b to it. Then we add all b’s neighbour with degree 4 to V4, that is to say a, e, f , c.

Then we see that a has no neighbour of degree 4 that is not yet in V4, while any of e, f and

c has d . Add d to the set. Then no other neighbours have degree 4. V4 = {a,b,c,d ,e, f } is

complete.
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Fig. 2.2 Multi-regularity not satisfied. Removing the edge between the two red vertices
the regularity condition does not hold anymore, and adding one or more edges between
each of the red vertices and any of the non-red vertices violates [b1] - [b2].

Now consider the local dynamics on a multi-regular graph. Under the assumption that

the strategies of players that are more than one step adjacent do not affect local frequency,

equations (2.5)-(2.12), with di instead of k, hold for vertices in the same V (di ). The

event that an (i ;k1, ...,kn)-player (recall, a player adopting strategy i where kh , h = 1, . . . ,n

denotes the number of neighbors playing strategy h and di = k1 + ·· · +kn) is selected

for reproduction is still given by (2.7) in each of the di -homogeneous subgraphs, and

the probability that the offspring replaces one of the neighbour that is not an i -player

is still biven by (2.9) in each of the di -homogeneous subgraphs. The same applies for

events C and D above defined. The local dynamics described by these equations are not

the same on the whole multi-regular graph, but vary with di for each different V (di ).

So each different class of di -homogeneous subgraphs with sufficiently large number of

vertices, has a different replicator equation as in (2.12). Hence, in order to compute

the global dynamics it is necessary to take account of the distribution of each class of

degree-homogeneous subgraphs of G .

Knowing the frequency of each class of degree-homogeneous subgraphs of G , the global

dynamics on a multi-regular graph is obtained by weighting each class-specific replicator

equation for the probability of this class of subgraphs. Call P[Gdi ] the probability that

subgraph belongs to the class of di -homogeneous subgraphs, the global dynamics on a

multi-regular graph is then:
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Fig. 2.3 Regularity is restored in each subgraph but connectedness is lost. There are only
interior vertices and the graph is not multi-regular.

ẋs =E[∆xs]

∆t

= ∑
di≥3

∑
k1+···+kn=di

[
xs

( di !

k1! · · ·kn !
qk1

1|i · · ·qkn
n|iΠ(s;k1,...,kn )

)][
1− ks

di

]
P[Gdi ]

/
Π̄

− ∑
di≥3

∑
k1+···+kn=di

j ̸=i

[
x j

( di !

k1! · · ·kn !
qk1

1| j · · ·qkn
n| jΠ( j ;d1,...,dn )

)]ks

di
P[Gdi ]

/
Π̄

≈ w
( ∑

di≥3

(di −2)2

di −1
P[Gdi ]

)
xs( fs +

∑
di≥3

∑
j

x j bi j (di )P[Gdi ]−φ)

(2.15)

Given the graph, hence its degree distribution, the factor w
(∑

di≥3
(di−2)2

di−1 P[Gdi ]
)

is a con-

stant, and again just represents a change of time scale, so we can rewrite (2.15) as:

ẋs = xs( fs +
∑

di≥3

∑
j

x j bi j (di )P[Gdi ]−φ) (2.16)

(2.16) is the replicator equation on a multi-regular graph.

2.5 Evolution of cooperation

One of the largely studied topics in the literature on EGT is the evolution of cooperation.

This can be studied with a 2×2 game, in which the two strategies are Cooperator and

Defector. The Cooperator is a guy who make some effort in order to produce a benefit for
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the opponent. This effort has a cost, say c , and the benefit his opponent receives is b. The

Defector just take the benefit from the Cooperator and does no effort in exchange. The

payoff matrix is:

C D

C b − c −c

D b 0

This represents a typical instance of the Prisoner’s dilemma game [95]. Given that Defector

is a strictly dominating strategy, D is a strict NE and an ESS, and the solution of the

replicator equation as in (2.14) is at a point in which everybody in the population is a

defector. Things change on a regular graph [88]: while under BD updating there is no

difference with well-mixed populations, under DB updating cooperation is a stable state if

b/c > d where d is the degree of the regular graph. Analogously in the case of IM updating

cooperation prevails if b/c > d +2. In both cases what emerges is that in order to sustain

cooperation when agents are highly connected, the benefit/cost ratio has to be very high.

Let’s now examine how the replicator equation on a multi-regular graph looks like in this

case: call xc the frequency of cooperators, (1−xc ) the frequency of defectors

ẋc = xc

(
xc (b −1+ c)− c + (1−xc )

∑
di≥3

di (b − c)−2c

(di +1)(di −2)
P[Gdi ]

)
(2.17)

is the replicator equation for the PD under DB updating. In this case cooperation will be

sustainable if the inequality b/c >∑
di≥3 diP[Gdi ] holds. So as long as the highly connected

subgraph have a low frequency, the benefit/cost ratio doesn’t need to be too high to

sustain cooperation. For example if P[Gdi ] is a power-law distribution, with law C d−α
i ,

then cooperation prevails for b/c ≥ C
α−1 d−(α−1)

i .

Equilibria in which both cooperators and defectors coexist are possible on a multi-regular

graph. Consider for example the Prisoner’s Dilemma:

C D

C 5 0

D 8 1

The multi-regular graph in this example has subgraphs of degree 3,4 and 9. The following

figures (generated in Python, see [23, 97]) show how the trajectories and the rest points

change as the three frequencies (not represented in the graphs) change: on the trajectory

plot the cooperators’ trajectories are in red and the defectors’ in blue, x-axis is time, y-axis

is the frequency. As the frequency of the subgraph is higher for degrees 3 and 4 cooperators
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and defectors coexists almost in equal proportions. As the frequency on 9 increases the

number of equilibria in which the two strategies coexist decreases and the density around

the point where all are defector increases.

Fig. 2.4 Trajectories of a multi-regular graph (3,4,9) as the frequencies of the three sub-
graphs change. Blu lines for defectors, red for cooperators

Other two examples of Prisoners’ Dilemma are illustrated, corresponding to the following

payoff matrices:

C D

C 10 −2

D 12 0

In one case b/c = 6, in the other b/c = 3.5. Both games are played on a multi-regular

graph with subgraphs of degree 3, 5, 7, 9. As before cooperators are red and defectors blue.

C D

C 5 −2

D 7 0

Where b/c = 6 for most of the topologies cooperators prevails, as can be seen by

the concentration of red and blue trajectories respectively towards 1 and 0. There is

some equilibrium in which they coexists, and few if not none where defector prevails,

correspondance of the points where the frequency of 7 and 9 is very high.
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Fig. 2.5 Rest points of a multi-regular graph (3,4,9), the black points are the stable ones

The picture is the opposite where b/c = 3.5: the topologies for which defectors prevail

are more, even if there is some "outlier" trajectory where subgraphs of degree 3 are the

majority.

2.6 Multi-Regular Random Graph

As can be seen from (2.15) the difference in the probability distribution of Gdi will affect

the global dynamics. In particular, considering sub-populations numerosity being large

enough and the difference in numerosity irrelevant between the sub-populations, the

speed of the dynamics increases with di , so the dynamic is faster in those sub-populations

which members have a higher number of interactions. The speed of the dynamic increases

with P[Gdi ], and its marginal effect increases with di .

Instead of assuming specific probabilities distribution of the class of degree-homogeneous

subgraph, it is possible to investigate which kind of structure is more likely to emerge if

we consider that such a kind of multi-regular graph can be randomly formed. Random

graph theory is used to answer this question in order to obtain an estimate of the relative

frequency of each class of degree-homogeneous subgraphs.

The variable of interest is the expected number of V (di ) over the total number of V (di )

with degree that goes from 3 up to a fixed m,

ρ[Gdi ] = |Vi |∑m
i=3 |Vi |

(2.18)
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Fig. 2.6 Trajectories of a multi-regular graph (3,5,7,9), b/c = 6. Cooperators prevail for
most of the possible topologies

where |Vi | is the number of possible random maximal di -homogenous vertex subsets.

The subgraph induced by V (di ) on a multi-regular graph is not exactly a regular subgraph,

because in this induced subgraph the frontier vertices will have degree di −1. Recall that a

subgraph induced by a subset of vertices is the considered subset of the vertices of the

graph together with any edges whose endpoints are both in this subset, so the graph

induced by V (di ) has all the vertices of V (di ) and all the edges that are between those

vertices, that is to say all the edges between interior vertices except those connecting

the frontier vertices to the outside. Nonetheless, as can be seen from Figure 3, any V (di )

can induce a regular connected graph of degree di . Here there is a conjecture about the

number of possible di -homogeneous graphs induced by V (di )s.

Conjecture 1 The number of possible di -homogeneous graphs on n vertices is at least the

number of possible di -regular random graphs on n vertices.

There still is no formal proof, but intuition suggests the validity of this conjecture. Suppose

we have a regular graph of degree k on k +1 vertices. Only one such regular graph is

possible. The kind of graph of degree k we are interested in (recall, a graph homogeneous

in degree, connected, with at least two frontier vertices) can be obtained from the regular

connected graph, removing (at least) one edge, so that in the graph there will be two

vertices with degree k −1, and add to each of these vertices an edge to the outside. In this

case we can see that we have
(k+1

2

)
different ways in which the two vertices can go to the



2.6 Multi-Regular Random Graph 25

Fig. 2.7 Trajectories of a multi-regular graph (3,5,7,9), b/c = 3.5. Defectors prevail on most
of the topologies

outside. More in general f is the (even) number of frontier vertices and n the total number

of vertices in the regular graph, there are
(n

f

)
possible degree-homogeneous graphs. With

n = k+1 we have only a regular graph, hence the proof is trivial. With n ≥ k+1 the number

of regular graphs increases, but as long as it increases more slowly than
(n

f

)
, with f small

enough with respect to n, the conjecture is true.

Using a result from random graph theory it is possible to compute asymptotically the

number of random regular graphs of degree d to compute (2.18).

As in [125] Let Gn,d be the uniform probability space of d-regular graphs on n vertices,

where we require dn to be even. The pairing model introduced by Bollobás allows to prove

properties of the elements of Gn,d computing in the unifrom probability space of pairings.

This probability space is so define: suppose dn even, and d > 1. Then take dn points

partitioned into n blocks, each containing d points. A pairing is a perfect matching of the

points into 1
2 dn pairs, and corresponds to a multigraph in which blocks are vertices and

pairs are edges. Each simple graph corresponds to exactly (d !)n pairings, so a regular graph

can be chosen uniformly at random by picking uniformly at random a pairing. Being

interested in simple graphs (with no loops nor multiple edges), the randomly chosen

pairing will be accepted only if it has no loops or multiple edges. In order to obtain results

for random regular graphs of degree d with n vertices, it is enough to do computations in

the probablity space of the corresponding pairings and then condition on the event that

the multigraph has no loops or multiple edges (e.g. it is simple). Call this event P(Si mple).
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The pairing model gives a simple way for counting the number of d-regular graphs asymp-

totically, given by the formula:

|Gn,d | =
(dn)!P(Si mple)

(dn/2)!2dn/2(d !)n
(2.19)

Hence (2.19) will depend on the way P(Si mple) is computed, and different researchers

obtained different estimates of P(Si mple) under different conditions. A particularly easy

to apply formula is the so called Bender and Canfield’s [9] asymptotic formula:

P(Si mple) ∼ exp
(1−d 2

4

)
(2.20)

for d fixed and n →∞ and dn even. Using Stirling’s formula Bender and Canfield obtain

|Gn,d | ∼
p

2e(1−d 2)/4
( d d nd

ed (d !)2

) 1
2 n

(2.21)

The problem related with this formula is that it works for d = d(n) ≤√
2logn−1 as proved

by [11], so it is not very useful if we want the degree to grow faster with n. An useful

refinement of (2.21) is here presented, which consent to extend the range of d, even if it is

not so compact as (2.21). [72] obtain the formula for d = o(
p

n):

|Gn,d | ∼
(dn)!

( 1
2 dn)!2dn/2(d !)n

exp
(1−d 2

4
− d 3

12n
+O

(d 2

n

))
(2.22)

According to [72] , this is the best result obtained for the counting of the number of random

regular graph on a larger range of d .

Another important result that turns to be useful in this contest, proved by Bollobás [12],

says that when d ≥ 3 and constant, the random regular graph G(n,d) is a.a.s. connected.

This result is useful in deriving an estimation of (2.18). The expected frequency of a

subgraph belonging to the di -homogeneous class of subgraphs and having n vertices is

given by:

ρ[Gdi ] = |Gn,di |∑m
di=3 |Gn,di |

(2.23)

where the population n is fixed for each subgraph. The formula for counting the number

of graphs that will be chosen will depend mainly on how large d is with respect to n.

Whenever is possible, it is preferable to use Bender and Canfield’s formula.

So, using (2.23) in (2.15) the replicator dynamics of a population that is structured in

a random multi-graph can be computed. Moreover, given that both (2.21) and (2.22)

depend on both d and n, it would be interesting to analyze different kind of dynamics of
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the population for different numerosity of the single subpopulations of different degree.

In further research this aspect will be analyzed through numerical simulations.

2.7 Generating a Random MR Graph

In this section an algorithm for the construction of a Random Multiregular Graph is

proposed. The algorithm is based on a modified version of the pairing model.

Fix the number of vertices to n and let di ≥ 3 the degree. Define as P(di ) the fraction of

vertices with degree di . The nearest integer [nP(di )] is the number of vertices with degree

di ; as in the pairing model, assume this number to be even. Define also as r the ratio of

vertex degree to vertices with the same degree to vertices with other degrees.

1. Create a set of [n
∑

di
P(di )di ] points.

2. Divide them in n buckets in the following way.

(a) Take [nP(di )] points and put them in [nP(di )] different buckets.

(b) Add di −1 points to each of these buckets.

(c) Repeat the same procedure for all the other di . In this way for each di there

will be [nP(di )] buckets with di points.

3. Pick a random point, say it is in a bucket with di points.

4. Join it with probability r to a random point among those in one of the [nP(di )]

buckets with di points, and with probability 1− r to any of the other points at

random. Continue until a perfect matching is reached.

5. Collapse the points, so that each bucket maps onto a single vertex of the original

graph. Retain all edges between points as the edges of the corresponding vertices.

6. Check if the corresponding graph is simple.

Step 4 can also be changed by joining the picked point with any other point at random.

The reason for imposing the ratio of connections with other-degre-vertices is because for

some applications could be useful to control the formation of dense degree-homogeneous

subgraph with few "bridge" connections with the outside. Here the the fraction of frontier

vertices is assumed uniform along the subgraphs, while it could be reasonable to make r

vary with the degree di , depending on the models considered. A version of the proposed

alogrithm has been implemented in Python, using Networkx which builds random multi-

regular graphs with specified number of frontier vertices.
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2.8 Further research and Conclusions

This paper provides a version of the replicator equation on graphs. A specific graph

structure is constructed, called multi-regular graph, that keeps the relevant properties of

regularity and connectedness, and the replicator equation for this kind of graph is derived.

The extended replicator equation depends on the probability distribution of the degree-

homogeneous subgraphs in a multi-regular graph. Following a random regular graph

approach a formula for computing these probabilities under random graph formation

is provided. For the construction of a random regular graph it is proposed an algorithm

based on the pairing model. There are interesting research lines to be followed in future to

extend these result in order to satisfactory describe real networks evolutionary d As regards

further developments of this work, the analysis of the proposed replicator dynamics will

be extended to different games under different updating rules. A further research line that

worths consideration is investigating if the proposed replicator equation can be a good

approximation for a population which does not exhibit a multi-regular structure. The idea

is to take the degree distribution of this population, and generate a multi-regular graph

where the probability distribution of the homogeneous subgraphs follows the degree

distribution of the population. This aspect is still under analysis, and requires further

study.
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Abstract

This paper develops a recruitment model on a social network in presence of surveillance.

The recruitment process is described as a change of state of those nodes that are likely to

be recruited to the state of the recruiter itself if there is a link between the two nodes. There

is surveillance on the network, there are nodes that can change the status of the recruiters

or eliminate them from the network (in the adaptive model). Pair approximation is used to

derive a dynamical systems describing the dynamics among the classes of nodes, and this

allows to find a threshold for the recruitment process that depends on the parameters. This

dependency is used as a guide for a social planner who has the objective of minimizing

the diffusion of the recruiters’ class. Three instances of the model are presented: the

non-spatial case, the static network case and the adaptive network case.

Keywords: Compartmental model, Pair Approximation, Reproduction Number

3.1 Introduction

Individuals in a society can be classified according to their adherence to a set of beliefs or

principles. One of the phenotypical manifestations of the complex interaction of these

beliefs can take the form of affiliation with a political party, with a religion, or more in

general with a group of similar-minded individuals who share the common objective to

spread their beliefs and to make them dominant in their society. This generates compe-

tition among different groups, each trying to enlarge the number of its members, as the

probability of succeeding in their scope is increasing in the number of adepts (both if we

think of a political election or an armed revolution). Once one of the groups becomes

dominant, they will try to stay dominant, hence to hinder the enlargement of other groups.

This very minimal and abstract representation of an ideological conflict is used to build a

mathematical model of recruitment in a society where an initially small group of people

who disagree with the dominant group and aims at eventually overthowing them, try to

recruit new members, while the dominant group actively tries to obstacle this process

through a surveillance system.
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The model was originally developed having in recrutiment activities of a terroristic

group that may bring radicalization in a society, hence there may be an emphasis on

the surveillance aspect, as if we were on the point of view of the social planner. Given

that the process described is not specific of terrorism, but could be applied to a vaste

range of ideological conflicts1, it is important to stress that this does not want to be a

model of social control, and the author is not implying at any point that the actions of the

group trying to subvert the leading authority are not legitimate. This work is not about

the merit, not even the reasons of this form of conflict, but merely on the description of

an abstract version of its mechanics: a process of affiliation to an illegal group (so that

individual who are discovered to members are liable to suffer punishment) that is actively

counteracted by the leading authority. The objective of the authority is to minimize or

eventually annihilate the subversive group, while the objective of the group is to recruit as

many people as possible, to reach a significative number that is sufficient to overtrhow

the leading authority.

Looking more specifically at terroristic warfare, it has probably reached an unprece-

dent diffusion and the number of fatalities caused is increasing. The necessity to develop

effective counterterrorism measures is catalyzing numerous studies, both qualitative

and quantitative, to try to better understand the psychological, sociological and political

motivations of terrorism and provide models of its diffusion in a society. Among them

[107] provides a systematic approach to terrorism using economic methodology, where

terrorists are modeled as ractional-actors, where game theory is used to analyze terror-

ist strategies and to suggest countermeasures [106, 105, 73]. Without disregarding the

importance of a rational actor approach, it is legitimate to ask whether some extreme

activities (like suicide bombing for example) enter the realm of rational behaviour. On this

line [34] suggests an evolutionary approach to understand the psychological motivations

of terrorists, and how their behaviour can be rational in an evolutionary sense, even if

extremely costly for the individual and [109] proposes a predator-prey model to predict

the behaviour of terrorist groups, as these explicitly models life and death competitions.

Another stream of the literature on terrorism concentrates mainly on activity of ter-

roristic groups, without necessarily dig into the motivations and the behavioural aspects

beyond those. These studies often starts from data, and use mathematical modeling as

well as agent based simulations to try to generate models that are a good predictor of

1The same mechanism could be used to analyse consent to a revolutionary group in an autocratic state,
the evolution of a heretic group trying to emerge against the dominant religious authority. By way of
example consider the Pauperistic Movements during the Middle Age, like the Dolcinians, that were brutally
persecuted by the Catholic Inquisition, or the Anabaptist movements during the Reformation in Central
Europe
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terrorist behaviour. Among the others, [22] use simulations to study the frequency of

attacks by terrorist groups and [102] investigates spatio-temporal patterns of terroristic

attacks by the Provisional Irish Republican Army, providing a map of the probabilities of

attack depending on the various organizational phases of the IRA terroristic group.

To the author knowledge there aren’t many papers using a network approach to ter-

rorism, an attempt in this direction in [1] who propose a mechanism of radicalization,

where the transmission of ideology is modeled as a contact process on a network. [64]

discusses how the knowledge of the terrorist network can help in identifying the critical

node that may lead to network disruption. Along the same line, even if not focused on

terrorist networks, [18] use a measure of centrality to address optimal reduction of the

criminal networks.

The use of mathematical modeling in this work follows a generative approach: we

propose a simple mechanism to explain the process and analyze the dependency of the

model on the parameters. To validate the mechanism we should then see if the parameters

can be calibrated to generate realistic patterns. An interesting work using the generative

approach is [119] who model violence escalation during the 2011 London riots. Their

model is built on several levels: individual decisions of participating into riots are taken

on the basis of a benefit-cost analysis mechanism, individual involvement in the riot is

modeled as a contagious (Susceptible-Infected-Removed, SIR) model, and finally they

consider also rioters’ interaction with police and suggest strategies for violence deterrence.

Even if the phenomenon modeled is different, as well as the mathematical formulation

adopted, we use a similar modeling strategy: a (minimal) individual rule of decision

making, then a (modified) SIR model as diffusion mechanism.

The only other work that uses an epidemical model to study terrorism, to our knowl-

edge, is [121]. They divide the population in three groups, Terrorist, Susceptibles and Non

Susceptibles. The number of terrorists can increase for direct recruitment among the sus-

ceptibles and can decrease for natural death or death in action and military intervention.

Susceptibles may be recruited, so they become terrorists, or they may become Non Sus-

ceptibles as a consequence of pacifist propaganda led by the authority. Their number may

also increase because of terrorist propaganda that convinces previously Non Susceptible

individuals. Together with this processes there is also an underlying birth/death process

of the population that affects the dimension of the three groups. There are similarities

between our model and this approach, a fundamental difference is that in [121] the popu-

lation is not structured, hence there is a random matching mechanism that determines

the interaction between susceptibles and terrorists. Here we model both the case of a non

structured population and the case of a social network.
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3.2 Epidemiological Models

The spread and establishment of infectious diseases has been largely studied by mathemat-

ical epidemiologists, hence there is a variety of mathematical tools available for building

and testing theories. The first mathematical model of disease spread dates back to 1760

[10], but it’s the 20th century that we had an exponential growth in the number of models

and in their applications. Starting in 1926 Kermack and McKendrick [62] published a series

of papers that can be considered foundational to the modern approach to epidemiological

models, introducing the idea of compartmentalization. In compartmental the popula-

tion is stratified in compartments according to individual status (Susceptible, Infected,

Recovered), then the transitions among these compartments is modeled following the

assumptions on the phenomenology of the disease, so that the evolution of the infection

can be described by a set of differential equations. This constitutes the basic block of

many models (both deterministic and stochastic) that can be complicated by adding

new compartments, introducing the possibility of vaccination, differentiating for age,

social and sexual groups [49]. The main results of compartmental models are threshold

theorems that define under which conditions an infection will establish in a population.

The most important measures are the "basic reproduction number", average number of

secondary infections produced when one infected individual is introduced into a host

population where everyone is susceptible [81], the "contact number", average number of

contacts of a typical infective during the infectious period and the "replacement number",

average number of secondary infections produced by a typical infective during the period

of infectiousness [49].

One of the most relevant assumption of the basic model is to consider that the popu-

lation is well-mixed, meaning that every individual can spread the disease to any other

individual with the same probability, not incorporating the contact structure that is key

for the disease spread pattern. This assumption allows mathematical tractability, but

lacks a key element in understanding disease spreading patterns, namely population

topology [79]. A particularly revealing example of the relevance of population topology

is [92] who study a Susceptible-Infected-Susceptible (SIS) model on scale free graphs

finding absence of an epidemic threshold and associated critical behaviour, meaning that

scale free networks are prone to spreading whatever the spreading rate. The (analitic or

numeric) determination of epidemic thresholds under various topologies is the subject of

several papers [25, 21, 19, 108, 2]. Incorporating a network in the model avoids the random

mixing assumption, as now each individual has a fixed set of contacts, its neighbours, and

can only infect/be infected by them [61].
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There are different approaches to network models of epidemics, which are summarized

briefly in [51, 74, 96], here we focus on pariwise approximation models, that study the

dynamics of pairs in the population, disregarding higher-order network structures: the

density of pairs depends on the density of triplets, and the density of triplets on the

density of higher order structure, but it is not possible to keep track of the infinite chain

of interdependencies, so we need to stop at some point and approximate the remaining

correlations. Pair Approximation is a special case of a moment closure, where pairs of

individuals are the state variables and triplest are approximated by a function of pairs, this

way capturing the effects of the topology without explicitly dealing with the entire network

structure. PA has been largely used in mathematical epidemiology because it allows to

capture some structural properties of the population still keeping the model relatively

tractable [116]. Models have been used to find one of the basic quantities in epidemic

models, the reproduction number [120], [126] study the stability of PA on regular and

random networks, the transmission of STD [8], can be complicated by allowing for loops in

the structure [55] random rewiring of susceptible individuals [26]. It is clear that PA models

are still far from giving a representation of real networks, nonetheless it has been shown

that numerical simulations agree very well with PA epidemic models[80], and they have

also been applied in the case of the foot and mouth epidemic in UK [82] childhood [75].

[43] proves that PA is highly accurate on infinite uncorrelated networks with negligible

clustering, which we do not expect for real world networks, so the assumption may result

particularly harmful, nevertheless [44] show how simple Mean Field are quite accurate for

some real world networks (in particular those with high mean degree), and infer that the

same result hold for UPA

3.3 The Complete Graph Model

This section proposes an epidemic model to study affiliation to an illegal group as an

infection process. Notation and terminology of epidemic models are kept for simplicity.

The population is divided in four compartments: those who are part of the organization

will be called the Infected I , while individuals who are unsatisfied but not part of the

organization are the Susceptible S. The remaining part of the population cannot be

infected, and is divided in Non Susceptible N S and Repressors R. The I individuals

behave as recruiters, when they interact with a S, with some probability β she change her

state to I . R individuals are responsible of surveillance, and when they interact with an I
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individual, with some probability γ they are successfull and I individual goes back to the

S state2. The model variables and parameters are:

1. β the rate of infection, that is the rate at which S → I if the two interact

2. γ the efficacy of surveillance, that is the rate at which I → S because of the interaction

with a repressor R.

3. ϵ recovery rate at which I → S spontaneously (think of it as leaving the organization).

4. xi with i ∈ {S, I , N S,R} the fraction of the population in each compartment

5. ρ = xI +xS the total fraction of S and I individuals.

The simplest version of the model, with fixed, fully mixed population is described by the

differential equations:

ẋS = ϵxI −βxS xI +γxR xI

ẋI = βxS xI −ϵxI −γxR xI

(3.1)

The assumption of a fully mixed population is equivalent to say that individuals are

placed on a complete, non-weighted graph: everybody has a link to everybody else

in the population, and the probability of interaction between any two individuals in

different states is proportional to the fraction of these states in the population. In (3.1) the

probability of interaction between an individual in state i and an individual in state j is

just given by xi x j . Assuming that there are only flows between the I and S states, both xR

and xN S are constant and can be treated as parameters. Using xS = 1−ρ−xI we can then

just study ẋI = β(1−ρ− xI )xI − ϵxI . There are three fixed points, the trivial xS = xI = 0,

the Disease-Free Equilibrium [DFE] xI = 0, xS = 1−ρ and the Endemic Equilibrium [EE]:

xI = 1−ρ−ϵ−γxR
β

, xS = (1−ρ)(β−1)+ϵ+γxR
β

. An interesting question is whether we can determine

under which conditions the population will be resistent to the invasion of an epidemic,

in other words if we can find a threshold that divides the parameter space where the

population will always be disease free and parameter space where the population will, in

equilibrium, have a positive fraction of infected individuals. We can answer this question

by determining the basic reproduction number. The basic reproduction number R0 is

2Notice that, in epidemiological terms, the dependency of the recovery of infected on the interaction
with a specific type of neighbour is a novelty in this kind of models. Where direct intervention is modeled as
vaccination, it is not carried by some node in the graph, but it is imposed exogenously.
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defined as the average number of secondary infections that occur when one infective

is introduced into a completely susceptible host population ([49]). Whenever R0 < 1

the population will be disease free in equilibrium, viceversa when R0 > 1 there will

be a disease outbreak. The determination of R0 is central for assessing the efficacy of

surveillance policies and the impact of control strategies, as the minimal objective would

be to keep R0 < 1 in order to avoid outbreaks. In this paper we determine R0 as the

conditions under which the Disease Free Equilibrium (DFE), namely the equilibrium

where x∗
I = 0, is stable. By linear stability analysis we know that a fixed point is stable if all

the eigenvalues of the Jacobian evaluated at the fixed point are negative, or complex with

negative real parts. If the (real part) of the largest eigenvalue of the DFE is negative and no

eigenvalue is zero, then DFE is stable. It follows that we can derive the Basic Reproduction

Number R0 as the parameter relation that makes largest eigenvalue negative:

R0 = β(1+ρ)

ϵ+γxR
(3.2)

LEMMA 1 Assuming all eigenvalues are non-zero, if the largest eigenvalue of the Disease

Free Equilibrium, λ̂DF E < 0, then the reproduction number R0 < 1 and the Disease Free

Equilibrium is locally asymptotically stable.

�

Notice that here it is assumed that Non Susceptible and Repressors are constant in the

population, which is not unreasonable in a short period and close to Disease Free Equilib-

ria. In a more extreme situation of high conflict in the society, an Endemic Equilibrium

with high level of Infected and Repressors it would be reasonable to allow for transmission

among all compartments.3 [121] also models the interaction between N S and S compart-

ments, and this could be analogously done here, even if the choice of the transmission

rates seems somehow arbitrary.

3.4 The static regular graph model

The model in 3.1 is quite simple, allows for relatively straightforward conclusions and we

can easily find an analytic R0. Its relative simplicity comes from the central assumption

that every individual in the population has the same probability of interacting with every

other individual (random matching). Here we remove the random matching assumption

and we introduce some constraint to the interaction process using a network of contacts:

3For example in a civil war the army could also be susceptible to switch against the leading authority, but
this would be a different model.
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individuals can interact only with their neighbours, that is with the set of adjacent nodes

in the graph. The graph is non directed (if A interacts with B, B interacts with A) and

non weighted (the frequency of interactions among neighbours is uniform). Moreover

for simplicity it is also assumed the graph is regular, that is the number of neighbours is

constant for all individuals.

In what follows we explain the derivation of a version of (3.1) on a regular graph of

degree k ≥ 3 using the Pair Approximation method. As in [80, 55] we first focus on the

single node level, and then derive the differential equations for the model in terms of pairs.

The transition between the states can be described by

S I S

S

γ

Rn

β

In

ϵ

(3.3)

which means that susceptible individuals can be infected at a rateβ by any of their infected

neighbour In and infected can be cured by a repressor neighbour at a rate γ, or they can

spontaneously recover switching to the susceptible state at rate ϵ.

The time evolution of the above stochastic process can be described by the differential

equations:

Ṗt (Sx) = −β∑
y∈N (x) Pt (Sx , Iy )+γ∑

y∈N (x) Pt (Ix ,Ry )+ϵPt (Ix)

Ṗt (Ix) = β
∑

y∈N (x) Pt (Sx , Iy )−γ∑
y∈N (x) Pt (Ix ,Ry )−ϵPt (Ix)

(3.4)

where Pt (ix , jy ) is the joint probability to have state i at x and state j at y at time t , Pt (ix)

is the probability of having state i at x at time t and N (x) is the neighbourhood of site x.

Notice that equations (3.4) are not limited to regular graphs only, as long as we know the

graph structure we can write N (number of nodes in the graph) such equations and fully

describe the model. By assuming a regular graph we know that all the nodes have the same

number of neighbours4 and we can write the above equations in terms of pair probabilities

(see [65]) pi j = 1
k

∑
y∈N (x) Pt (ix , jy ) where we drop for convenience the indexing on time.

Call xi the fraction of nodes in state i , we rewrite (3.4) as:

4In the case of an arbitrary, non regular graph, we can just use the average degree k̂, in this case adding
another layer of approximation.
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ẋS = −βkpSI +γkp I R +ϵxI

ẋI = βkpSI −γkp I R −ϵxI

(3.5)

Clearly 3.5 are not closed as they depend on pair probabilities pSI and p I R , which in turn

depend on triplets, and those on higher order structures, creating an infinite chain of

dependencies which would make the system unsolvable. In order to track down the change

in the pair densities pi j we need to take in consideration all those events that determine a

change in the pair densities (this technique is sometimes called "bookeeping" [4]) There

are four possible states, hence there are 10 pairs5 The following diagram represents the

possible transitions between couples. In this simple version of the model transitions only

happen between states I and S, still nodes in state R and N S affect the probability of these

events happening.

S,S S, I S,R S, N S

I , I I ,R I , N S

R,R R, N S

N S, N S (3.6)

As it is usually assumed in PA models, we do not consider the possibility of a simultaneous

change in both nodes of the pair, that is we exclude transitions i i → j j and i i ← j j .

By way of example here we present the derivation of the equation for the dynamics of

the pair RI , that is the pair of a Repressor and an Infected. At the pair level there is a "direct"

event that reduces the number of RI pairs: at rate γ the node in state I switches to state I

due to the action of other node of the pair, R . This happens with probability pRI Moreover,

at rate ϵ-nodes in state I switch to state S ("spontaneous recovery"), independently of

their neighbourhood: if the node "recovered" is in a pair RI this event will reduce the

number of RI pairs. So the density of pairs RI decreases with probability pRI (γ+ϵ). In

addition to "direct" events we also need to take into account "indirect" events caused

by the neighborhood of the pair. A new pair RI will form as a vertex in state R has a

5The number of distinct pairs over n states is given by
(n+1

2

)
, where we assume that pi j = p j i
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Fig. 3.1 Example of indirect effect changing a pair RS into RI

neighbouring pair SI that becomes I I at rate β: the probability of this event given by the

density of triples pRSI , where pi j h = 1
k−1

∑
w∈N x (y) Pt (ix , jy ,hw ) and N x(y) is the set of

neighbours of y excluded x and again indexing on time is dropped . A pair RI will be

destroyed at rate γ if the node in state I has another neighbour (outside the pair) in state

R, and this happens with probability pRI R . The pair RI has (k −1) pairs that indirectly

affect its dynamics, as among the k neighbours of the node in state I one is the node in

state R at the other end of the pair itself.

ṗRI
i n f ect i on+= β(k −1)pRSI

r ecover y−= ϵpRI

sur vei l l ance−= γ[(k −1)pRI R +pRI ]

(3.7)

Hence the differential equation for the density of pairs RI is:

ṗRI =β(k −1)pRSI −γ(k −1)pRI R − (ϵ+γ)pRI (3.8)

In order to solve the equations it is necessary to find a closure, that is to express higher

order correlations in terms of lower order correlations. The simplest closure is the Mean

Field, where pi j = pi p j and the structural property of the graph are completely overlooked.

Uncorrelated Pair Approximation instead performs better than mean field, and in some

cases also allows for closed form solutions.

With Pair Approximation we choose a triples closure, that is we aprroximate triple

densities by pair densities. Assuming that pairs are uncorrelated (that is there is negligible

clustering in the network), we can then express the density of a generic triple as:

pi j l =
pi j p j l

x j
(3.9)
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Where pi j l is the density of triples of vertices in states i , j and l . Under the non-correlation

assumption this is just a result of the application of Bayes theorem (see [80]). Using closure

in (3.9) we can rewrite (3.8) as:

ṗRI =β(k −1)
pRS pSI

xS
−γp2

RI

xI
− (ϵ+γ)pRI (3.10)

and equation (3.4) as:

ẋS =−βkpSI +γkpRI +ϵxt (3.11)

As can be seen in (B.1), the dynamics of our system depend on the pairs pSS , pSI , pRI ,

p I I , pSN S , p I N S , where we already used that pi j = p j i . We can use the following identities

to reduce the dymension of the system:

xS = pSI +pSR +pSN S +pSS

xN S = pN SI +pN SR +pN SN S +pN SS

xR = pRI +pRR +pRN S +pRS

xI = p I I +p I R +p I N S +p I S

(3.12)

from which follows that 1 = pRR+pN SN S+p I I+pSS+2(pSI+pSR+pSN S+pN SI+pN SR+p I R ).

Define the "local density" of neighbours in state i from the perspective of a node in state j

as the conditional probability:

qi | j =
pi j

x j
(3.13)

where clearly:

qi | j = q j |i
xi

x j
(3.14)

∑
i

q j |i = 1 (3.15)

Notice also that in this version of the model xR and xN S are constant, we can write the

dynamics of the pairs as:
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ṗSI = −pSI

[
β(k −1) pSI

xS
+β+γ(k −1) pRI

xI

]
+pSSβ(k −1) pSI

xS

+ p I I

[
γ(k −1) pRI

xI
+ϵ

]
ṗRI = pRSβ(k −1) pSI

xS
−pRI

[
γ(k −1) pRI

xI
+γ+ϵ

]
ṗRS = −pRSβ(k −1) pSI

xS
+pRI

[
γ(k −1) pRI

xI
+γ+ϵ

]
ṗSN S = −pSN Sβ(k −1) pSI

xS
+p I N S

[
γ(k −1) pRI

xI
+ϵ

]
ṗ I N S = pSN Sβ(k −1) pSI

xS
−p I N S

[
γ(k −1) pRI

xI
+ϵ

]

(3.16)

The master equations from which (3.16) is derived are explained in more details in the

appendix (B.1). It can be useful to express this system in terms of the conditional probabil-

ities qi | j . By using a simple chain rule, d qi | j /d t is given by

d qi | j
d t

= d(pi j /x j )

d t
= 1

x j

d pi j

d t
− pi j

x2
j

d x j

dt
(3.17)

So the final system in terms of conditional probabilities is:
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ẋS = −βkqI |S xS +γkqR|I xI +ϵxI

q̇I |S = q2
I |Sβ(2−k)−γ(k −1) xI

xS
q2

R|I

+ qI |S
[
β(k −2)−β(k −1)qS|N S

xN S
xS

−2ϵ−2γ(k −1)qR|I

− γkqR|I xI
xS

−β(k −1)qR|S
]
+ϵ

[
xI
xS

− xh
xS

qI |N S

]
+ qR|I

[
γ(k −1) xI

xS
−γ(k −1) xh

xS
qI |N S −ϵ xI

xS

]
q̇R|I = γq2

R|I −qR|I
[
γ+kβ xS

xI
qI |S

]
+β(k −1) xS

xR
qI |S qR|S

q̇R|S = qR|S
[

qI |Sβ−γk xI
xS

qR|I −ϵ xI
xS

]
+γ(k −1) xI

xS
q2

R|I

+ [ϵ+γ] xI
xS

qR|I

q̇S|N S = qI |N S

[
γ(k −1)qR|I +ϵ

]
−β(k −1)qI |S qS|N S

q̇I |N S = β(k −1)qI |S qS|N S −qI |N S

[
γ(k −1)qR|I +ϵ

]

(3.18)

where xI = ρ−xS and recall that ẋR = 0, ẋN S = 0.

In deriving 3.18 we did not include the possibility of strategic behaviour, hence an indi-

vidual in state i can’t pretend to be in a different state j , but for some applications it is

reasonable to allow for this possibility. This can be done by including some decision rule

according to which individuals choose which state they want to reveal to their neighbours,

given they know about their own state but not about the state of their neighbours. Let’s

consider an example in the case of the recruitment process. I -nodes have an interest

in recruiting S-nodes, and in order to do so they have to reveal themselves. Viceversa

they don’t want to reveal themselves to a R neighbour, as they will suffer some sort of

punishment. R-nodes will always pretend to be S in order to induce I neighbours to

reveal themselves. Assuming that S and N S individuals have no incentive in lying, the

only individuals facing a decision are I , who need to evaluate the consequences of their

actions: they will not choose to reveal themselves if the cost of this action (punishment) is
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higher than the benefit, which is given by the eventual recruitment of a neighbour. If we

assume that the utility of a single recruitment is normalized to one, the decision rule will

prescribe that the will reveal themselves if:

γ

β
≤ p I S

pRI
= qI |S xS

qR|I xI
(3.19)

This can be simply included in (3.18) by simply modifying (3.11) in:

ẋS = (−βkpSI +γkp I R )ηi +ϵxI (3.20)

where ηi = 0 if γβ ≤ pI S
pRI

and ηi = 1 otherwise. More refined decision rules can be considered,

here we skip this complication and we concentrate on the simple mechanicistic dynamic.

3.5 Equilibria Stability and Basic Reproduction Number

The system in (3.18) can be integrated numerically, and given values for the parameters

and initial conditions, one can find the trajectories of the local densities and the fractions

of types in the population.

As in the complete graph case, we are interested in determining the dependency of

the stability of the DFE on the parameters. A rigorous derivation of R0 for a SIR model

under PA has been done in [120], here we adopt the simpler approach of linear stability

analysis around the DFE to find the largest eigenvalue λ̂DF E , as in (3.3). Let us consider

the different fixed points and their stability:

Case 1: No Susceptibles x∗
S = 0 is a fixed point in the trivial case x∗

I = q∗
I |S = q∗

R|S = q∗
I |N S =

q∗
S|N S = q∗

R|I = 0, so ρ = 0. Clearly xS = 0, xI = ρ it is not a fixed point unless ϵ = xR = 0,

otherwise there is a transition from state I to S due to spontaneous exit. The eigenvalues

in this case are (0, β(k−2)), where β(k−2) > 0 except when β= 0, so this is clearly unstable

as expected.

Case 2: Endemic Equilibirum [EE] When the infection cannot be eradicated from the

population, but persists in equilibrium we have an Endemic Equilibrium. We generally do

not have analytical solutions, except for the trivial case x∗
R = q∗

I |N S = q∗
R|S = q∗

S|N S = q∗
R|I = 0,

when we have:
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Fig. 3.2 [Endemic Equilibrium] Threshold map for endemic equilibrium as β, ϵ and k vary.
The space above the blue curve is where the endemic equilibrium is unstable, while in the
space below is stable. As connectivity increases the EE is stable only for very low infection
and exit rates.

x∗
I = 1−ρ (3.21)

q∗
I |S =

2ϵ−β(k −2)±
√
−(−2ϵ+β(k −2))2 + 4βϵ(2−k)x∗

I
x∗

S

2β(2−k)
(3.22)

x∗
S = ϵx∗

I

βq∗
I |Sk

= ϵρ

βq∗
I |Sk +ϵ (3.23)

Even in the trivial case the Jacobian is a dense matrix with non linear entries it is a hard

task to find analytical solution for the eigenvalues, hence we need to evaluate the Jacobian

numerically to perform linear stability analysis. We can then build a numerical stability

threshold as shown in figure 3.2, where the stability of EE is evaluated as ϵ, β and k change.

While for low connectivity (k ≤ 10) there is a large combination of values for ϵ and β for

which the EE is stable, for high connectivity the EE is stable only for values of ϵ and β very

close to zero, as can be seen also in figure 3.5 for a given level of ϵ. In Figure 3.3 the stability

of the EE is analysed as the infection rate and the spontaneous exit rate change. It can be

seen that the set of stable EE, depending on the network degree and the initial conditions,

is scattered around the locus β= ϵ. This is intuitive as when x∗
R = 0, ẋS = 0 iff βϵ = xI

kqI |S xS
.
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Fig. 3.3 [Endemic equilibrium] Here for a given level of exit rate, ϵ = 0.17, the contour
functions of the highest eigenvalue λ̂EE as function of k and β. As k increases the endemic
equilibrium becomes unstable (the red area at λ̂EE = 0) even for very low infection rates.

Fig. 3.4 [Endemic Equilibrium] The maximum eigenvalue λ̂EE as a function of β and ϵ:
most of the points are unstable (red area) while the set of stable points is a cloud around
the locus β= ϵ.
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Case 3: Disease Free Equilibrium [DFE] x∗
S = ρ and x∗

I = 0 is a fixed point, as in absence of

infected individuals there is no source of infection in the population. As x∗
I = 0, in DFE we

have q∗
I |S = q∗

R|I = q∗
I |N S = 0, but these identities are not enough to univocally determine

q∗
S|N S and q∗

R|S , as can be easily veryfied equating 3.18 to zero. x∗
S = ρ and x∗

I = 0 is a

fixed point, as in absence of infected individuals there is no source of infection in the

population. In order to simplify stability analysis we evaluate the DFE where q∗
S|N S = 0

and q∗
R|S = 0. The resulting Jacobian is then:

JRF E =



−ϵ −βkρ 0 0 0 0

− ϵ
ρ β(k −2)−2ϵ 0 0 0 − ϵxN S

ρ

0 −γ 0 0 0 0

0 0 0 0 0 0

0 −γ 0 0 0 ϵ

0 −γ 0 0 0 −ϵ


(3.24)

which eigenvalues are
[

0,−ϵ,
β(k−2)−3ϵ±

p
β2k2−4β2k+4β2+2βϵk+4βϵ+ϵ2

2

]
where 0 has multiplic-

ity 3.

The presence of zero eigenvalues, that was clearly implied by the singularities in (3.24)

implies that the Hartman-Grobman theorem does not apply hence negativity of the largest

eigenvalue at DFE does not guarantee stability, and we need to perform further analysis

as the stability of the equilibrium depend on non-linear terms. A closer look at the full

eigenspace spanned by the eigenvectors of the Jacobian reveals that we can actually be

satisfied with linear analysis, as the eigenvectors associated with the zero eigenvalues

are [0,0,0,1,0,0] with multiplicity 2 and [0,0,0,0,1,0]. The centre eigenspace spanned by

these two eigenvectors correspond to the variables qR|S and qS|N S : we don’t know if they

are stable at DFE, but we don’t need to analyze further as variations in qR|S and qS|N S do

not change xI hence do not affect stability of the DFE, as long as all remaining non-zero

eigenvalues are negative. The same holds if we remove the assumption that q∗
S|N S = 0 and

q∗
R|S = 0.

LEMMA 2 If at the Disease Free Equilibrium all the non-zero eigenvalues are negative the

DFE is stable.

Proof 1 Define stable eigenspace E s the space spanned by eigenvectors associated with

eigenvalues with negative real part, and centre eigenspace E c the space spanned by the

eigenvectors associated with zero eigenvalues. If the (real part of) eigenvalues are either

negative or zero, then the full eigenspace spanned by the eigenvectors of the Jacobian ad

DFE can be decomposed in E s and E c . For the centre manifold theorem, there exist a
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unique centre manifold in the neighborhood of the DFE where the dynamics will eventually

converge. Given that everywhere at the centre manifold x∗
I = 0, the DFE is stable.

As k ≥ 3 the radicand of the last two eigenvalues is always positive, and rewriting the

radicand the largest eigenvalue is:

λ= β(k −2)−3ϵ+√
β2(k −2)2 −2βϵ(2+k)+ϵ2

2
(3.25)

If we call θ = √
β2(k −2)2 −2βϵ(2+k)+ϵ2, then we can define the basic reproduction

number as:

R0 = β(k −2)+θ
3ϵ

(3.26)

If R0 < 1 the radicalization free equilibrium is locally asymptotically stable.

In order to study stability we evaluate λ̂DF E numerically, as β,k and ϵ change. Figure

3.5 shows that there exist no threshold for infection rates greater than 0.6, and for 0 ≤β≤
0.6 the threshold exists only when ϵ is sufficiently large (and greater than β). Otherwise

the population will always be subject to invasion by a disease. Where the threshold exists,

we can see that even for very low infection rates, if connectivity is high the DFE is largely

unstable. This can be seen by noticing that the threshold for k ≥ 10 is flattened around

β= 0. This is confirmed by the map of λ̂DF E against β,k and ϵ in figure 3.6.

Notice that in (3.3) there is the assumption that an I -node "caught" by a R neighbour

change its state to S. This assumption is necessary as the equations (3.18) hold for a static

network, it is only the states of its node that change while both connections and number

of nodes remains constant. While this is equivalent to assume that there is no acquired

immunity, like in STDs, it is questionable if, in a recruitment model, this is a meaningful

assumption. It could be interpreted as an effective propaganda by the R-nodes after which

the individual does try to recruit other individuals to the cause anymore. This would be

less appropriate in case we are modeling terrorist recruitment: if a terrorist is caught it is

arrested, hence removed from the graph. In order to preserve the necessary assumption

on the static network, and allow for removal, we should assume that the infected node is

removed from the graph and replaced by a new node in the same position, with the same

set of connections, whose state is determined by a stochastic function over {I ,S, N S,R}.

In the following section we are going to do better than that by endogenizing the graph,

modeling both new node arrivals and node removal.
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Fig. 3.5 [Disease Free Equilibrium] Map of the epidemic threshold as a function of β,ϵ and
k (right) and corresponding contour functions (left). R0 > 1 in the space above the curve,
where the DFE is unstable, viceversa it is stable in the space below.

3.6 Adaptive Networks

In the model developed in the previous section we assumed that the network is static, so

it just constitutes a constraint to the disease (or recruitment) dynamic. The dynamical

process happening on the network may also determine changes of the network structure,

for example because infected nodes are isolated when recognized, so that the disease

does not spread, or because they are removed from the network in the recruitment.

In this section we model both the dynamics on the network and the dynamics of the

network, that is the coevolution of infection process and contact topology, using adaptive

networks. There is an increasing literature on adaptive networks [98], [40], [115], [111] with

applications mainly to voter models and epidemiological models. The simplest version

of epidemiological adaptive networks model the evolution of the graph as stochastic

rewiring: S-nodes delete their links with I -nodes at a fixed rate and reconnect either to

other S-nodes only or at random. The former case determine isolation of I -nodest that

slows the diffusion of the epidemics, while in the latter isolation is clearly less effective.

Usually nodes cannot be removed unless they die for natural cause or as a consequence of

the disease.

Adopting the framework used in 3.4 we develop a simple adaptive network epidemic

dynamic similar to [68] recruitment model. Our contribution is to introduce the new
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Fig. 3.6 [Disease Free Equilibrium] Maximum eigenvalue of the DFE, λ̂DF E when β and
k vary and when ϵ and k vary respectively. The gray shaded plane is the level where the
maximum eigenvalue is zero, red points indicate stability, green points instability.
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R-class, and to make node removal depending on interaction with R-neighbours, so

determined by the graph structure, instead of being due to exogenous death rate. We start

with a random regular network of degree k. New individuals arrive at rateµ and are in state

i = {I , N S,S} with probability Pi , where
∑

i Pi = 1. Every new node that arrives is endowed

with a number of edges equal to the average connectivity in the graph κ, that will connect

to κ distinct nodes avoiding self and double connections. The arrival process can be seen

as births or immigration, and it is assumed that R-nodes can’t arrive spontaneously. The

underlying stochastic process describing infection is the same as in the previous section,

except that now when a R-node interacts with an I -node, with probability γ the I node is

removed from the network. The stochastic process is described in diagram 3.27 where
⊗

represent removal and ⃝ arrival.

S I
⊗

S

⃝

⃝

N S
γ

Rn

β

In

µPN S µPS

µPI

ϵ

(3.27)

When a new node arrives κ new connections are created. The simplest way of model

how these connections are created would be to assume they are done at random, so

that the probability of a new arriving node of type i to establish a link with a node of

type j (call it P (i , j ) would be proportional to the fraction of the individuals of type j

in the population. A more realistic rule would be that nodes with higher degree have a

higher probability of attracting new connections, usually called preferential attachment

[5] which is well assessed in the literature for its capacity of generating scale-free graphs

(for a review of different formation rules see [94]). Social networks often show a tendency

of similar individuals to associate (homophily) [101] and we think that in this context

that would be the most appropriate mechanism. In this model the only dimension along

which node differ is their state, if there is homophily an individual in state i creates a link

with an individual in the same state with probability that exceeds the fraction of people

in that state, namely P (i , i ) > xi . We simply model this by defining P (i , i ) = xi + ĥ and

P (i , j ) = x j − ĥ
3 for j ̸= i , so that

∑
j P (i , j ) = 1. By following the same logic used in section

3.4 and taking in considerations all the event that happen at node and pair level, we can

write the master equations for node and pair densities. While in the previous model the

number of nodes and links was fixed, here it changes because of removal and new node

arrival, so we need to renormalize node densities like in [28]. Consider for example the
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density xS , given that nodes arrive at rate µ and are in state S with probability PS , there

will be a corresponding loss of xS density of µPS xS , viceversa because of infected node

removal at a rate γpRI all densities are renormalized upwards, so xS increases by γpRI xS .

Note that a node removal event implies that on average κ links are lost, while when a new

individual arrives κ new links are formed, hence pair densities need to be renormalized as

well. Consider for example the evolution of pairs pSI : with rate µ, κ new links are formed,

that will be between an S and I -node with probability PI P (I S)+PSP (SI ). Because of new

node formation every pair density needs to be renormalized: density pSI decreases by

µκpSI , and increases by κγpRI pSI because of infected nodes removal. The same applies

for all other pair densities. Notice that the average degree is constant as the number of

edges grows linearly with the number of nodes6, so the dynamical system is described by

the following equations:

6This is a desirable property as [3] shows that whenever the number of edges is linear in the number of
nodes a general family of inhomogeneous graphs can be generated, and many property of the graphs in this
family can be easily determined, like the dimension of the giant component.
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ẋS = µPS −βκpSI +ϵxI +xS(−µ+γpRIκ)

ẋI = βκpSI +µPI −ϵxI −γκpRI +xI (−µ+γpRIκ)

ẋR = γpRI xRκ+−µxR

ẋN S = µPN S +xN S(−µ+γpRIκ)

ṗSI = β(κ−1) pSS pSI
xS

−β(κ−1)
p2

SI
xS

−βpSI −γ(κ−1) pSI pRI
xI

+ ϵ(p I I −pSI )+µκ(PI (xS − ĥ/3)+PS(xI − ĥ/3)−pSI )+κγpRI pSI

ṗRI = β(κ−1) pRS pSI
xS

−γ(κ−1)
p2

RI
xI

− (γκ+ϵ)pRI

+ µκ(PI (xR − ĥ/3)−pRI )+κγp2
RI

ṗRS = −β(κ−1) pRS pSI
xS

+ (ϵ+γ)pRI +µκ(PS(xR − ĥ/3)−pRS)+κγpRI pRS

ṗSN S = −β(κ−1) pSI pSN S
xS

+ ϵp I N S +κγpRI pSN S

+ µκ(PS(xN S − ĥ/3)+PN S(xS − ĥ/3)−pSN S)

ṗ I N S = β(κ−1) pSI pSN S
xS

−ϵp I N S +µκ(PI (xRS − ĥ/3)+PN S(xI − ĥ/3)−p I N S)

+ κγpRI p I N S

ṗ I I = βpSI +β(k −1)(
p2

I S
xs

− pI I pRI
xI

)−2ϵp I I +µκ(2PI (xI + ĥ)−p I I )+κγpRI p I I

ṗSS = −β(k −1) pSS pSI
xS

+ϵpSI +ϵ2p I I +µκ(2PS(xS + ĥ)−pSS)+κγpRI pSS

(3.28)

The various components of the equations are explained in detail in the appendix.
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3.7 Basic Reproduction Number

As we have done with the static network model, we find the Basic Reproduction Number

by analyzing the stability of the Disease Free Equilibrium [DFE]. It is easy to see that a DFE

exists only if PI = 0, so if the arrival rate of I -nodes is zero (which can be interpreted as

effective control at the borders to prevent entrance of I -nodes). Assuming no homophily,

and using that at the DFE x∗
I = 0 also p∗

SI = p∗
RI = p∗

I I = p∗
I N S = 0, from (3.28) we can

then find the DFE levels x∗
S = PS , x∗

R = 0 and x∗
N S = PN S , p∗

SS = 2P 2
S . The eigenvalues of

the Jacobian at DFE are −kµ and −µ with multiplicity 3, −ϵ−γk −kµ; −2ϵ−kµ, −ϵ−kµ;
1
2

[
−2ϵ− (1+k)µ+β[2(k −1)PS −1]+θ

]
and 1

2

[
−2ϵ− (1+k)µ+β[2(k −1)Ps −1]−θ

]
with

multiplicity 1, where θ̂ =√
(k −1)2µ2 + [β−2β(k −1)PS]2 +2βµ[k −1+PS(4k −2)]. With

positive γ,ϵ and µ we need just to focus on the last two eigenvalues as all the others are

strictly negative. Moreover as k ≥ 3 it follows that θ ≥ 0, so the largest eigenvalue is:

λ̂DF E = −2ϵ− (1+k)µ+β[2(k −1)PS −1]+ θ̂
2

(3.29)

from which we can write the basic reproduction number for the adaptive model as:

R0 = 2β(k −1)PS + θ̂
2ϵ+β+µ(k +1)

(3.30)

The first thing we can notice is that stability of the DFE does not depend on γ and that it is

obviously increasing in ϵ. Analyzing (3.30) numerically we see that κ has a huge impact

on stability, whenever κ > 10 the DFE is unstable unless PS or β (or both) are very low

(3.7). When PS > 0.2 the DFE is never stable under the given ϵ and β. For any given level of

PS < 0.2 stability of the DFE is given for higher values of µ as can be seen in (3.8a). It is

quite counterintuitive that the more the graph increases the easier keeping the DFE stable,

hence this aspect requires further analysis to better understand where it originates in the

model. When the rate of S-nodes arriving is close to zero, then the DFE is stable for all

values of µ. Viceversa The higher the arrival rate of S-nodes for a given level of µ the more

unstable the DFE, but the picture changes if the infection rate decreases: in (3.8b) we see

that when β is very low, then stability is ensured even for high arrival rates of suscepbile

nodes, viceversa for low PS , the DFE is stable even for high infection rate. Overall for a

realistic low µ the DFE is largely unstable in the (β,PS) space, except for points where at

least one of the two coordinates is very close to zero.
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(a) (b)

Fig. 3.7 R0 for ϵ= 0.1,µ= 0.1,PS = 0.5 (a) and ϵ=µ= 0.1,β= 0.5 (b). The red area indicates
instability of the DFE, the blue area stability.

(a) (b)

Fig. 3.8 R0 for ϵ= 0.1,k = 10, β= 0.5 (a) and ϵ=µ= 0.1,k = 10 (b). The red area indicates
instability of the DFE, the blue area stability.
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Fig. 3.9 Trajectories of xI for different initial values of xR , with ϵ=µ= 0.1,k = 5, β= γ= 0.5,
PS = PI = 0.5 and 0.15 ≤ xR (0) ≤ 0.7. The higher the initial value of xR , the lower the
equilibrium value of xI .

3.8 Numerical Analysis

Given it is not possible to find analytical solutions for the Endemic Equilibrium [EE] we

proceed to analyze the system numerically in dependence of the initial conditions and

parameters. Where it is not otherwise specified, the benchmark values are β = 0.5 = γ,

µ= ϵ= h = 0.1, PS = PI = 0.5 and PN S = 0. Initial infection level is assumed at xI (0) = 0.01

and surveillance is relatively high at xR (0) = 0.2. A general caveat is that being all the

variables between 0 and 1 we need to be careful not to choose parameters in a way that

make the equations stiff. High values of both ϵ andµ at the same time cause rapid variation

in small time steps that may lead to stiffness. Choosing (at least one of) these values in

the low range solves the issue. Homophily also can cause stiffness if h > 0.2. We see that

depending on parameters and initial conditions there are a Low Infection EE [LEE] and a

High Infection EE [HEE]. The EE varies little and appears to be consistently below 0.1 in

most of the parameter space, while HEE shows more variability depending on parameters,

from above the LEE to a maximum level of x∗
I = 1−xR .

Population initial conditions: Initial conditions have a relatively low impact on the equi-

librium level x∗
I given the parameters. The initial level of surveillance xR (0) is the variable

that has a larger impact on the EE, as can be seen in (3.9), and not surprisingly higher

initial levels of surveillance (provided surveillance is sufficiently effective, that is γ is not

too low) corresponds to lower level of infection in equilibrium. This is true under the above

parameter specification as long as the initial value of xR is not less than 0.15, otherwise

the fraction of infected explodes. Extreme cases of high γ and low β reduce the minimum
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Fig. 3.10 Trajectories of xI for different initial values of xS , with ϵ=µ= 0.1,k = 5 β= γ= 0.5,
PS = PI = 0.5. The lower the initial value of xS , the higher the equilibrium value of xI .

Fig. 3.11 Trajectories of xI for different initial values of xI , with ϵ=µ= 0.1,k = 5 β= γ= 0.5,
PS = PI = 0.5. The lower the initial value of xI , the higher the equilibrium value of xI .



58 Surveillance on Networks, a Pair Approximation Model

level of necessary surveillance. Unrealistic level of extremely high surveillance bring to

the immediate extinction of the infection.

This is relatively trivial, while the dependency of x∗
I on the initial fraction of susceptible

and infected nodes respectively is less intuitive, as x∗
I shows an inverse relation with both

xI (0) and xS(0). As can be seen in figure (3.10) and (3.11) there is a clear relation between

the peak that xI reaches in the initial phase of the dynamics and the equilibrium level: the

higher the peak the lower the equilibrium level. In (3.10) it is the higher fraction of suscep-

tibles that drives the boost in the fraction of infected up to the point in which almost all

susceptibles are infected while in (3.11) there is a constant shift upwards corresponding to

the increment of xI (0), until almost all the susceptibles are infected. Once the population

is almost entirely made of I and R-nodes then xI falls quite rapidly towards the low level

equilibrium. A tentative explanation can be the effectiveness of the surveillance that

is represented by a higher value of γ: half of the time an I -node interacts with some R

neighbour it is successfully removed, and even if the infection rate per contact is exactly

the same (which is what boosts the infections initially), the removal stops the possibility

of other infections.

State of arriving nodes: When PI > 0 there is no DFE, as ẋI ̸= 0. Let us consider two

cases, namely when NS-nodes arrival rate is always zero and the case in which all arrival

rates (but that of R-nodes) are positive. When PI > 0, PS > 0 and PN S = 0 there exists

an equilibrium where a small fraction of the population is infected. In what follows the

parameters are set at β = γ = 0.5, ϵ = µ = 0.1. While µ and ϵ have a negligible and very

marginal impact respectively on trajectories of xI , setting β and γ can change the picture

completely, as we will see later. Assume also that the arrival rates are the same for both S

and I -nodes. This holds as long as γ is high enough. So with PS = PI and β and γ are in the

low infection equilibrium is always below x∗
I = 0.1, and there is no limit cycle, by changing

the arrival rates we can, in some case, have oscillations around a low equilibrium level of

xI . When PI ≤ PS ≤ 2PI , xI shows damped oscillation towards the low level equilibrium. If

the arrival rate of susceptible nodes is more than twice that of the infected nodes, PS > 2PI ,

provided γ≥ 0.2 then the trajectory of x∗
I oscillates around the low level equilibrium, with

oscillations amplitude that is increasing in the difference PS −2PI .

The picture changes if the arrival rates of susceptible, infected and non susceptible

nodes are all non zero. (3.13) gives an example of the dependency of x∗
I on the arrival

rates in the case xI (0) = 0.01, xR (0) = 0.2,xS(0) = 0.3, but numerical analysis show that

this behaviour is quite regular across different initial conditions given we keep the other

parameters constant. The colors represents the position on the (PI ,PS ,PN S) unitary

simplex: green stands for PN S = 1, red for PS = 1, blue for PN S = 1. Figure (3.13b) shows
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Fig. 3.12 Whenever PS > 2PI the population of infected oscillates in the proximity of the low
disease equilibrium. Trajectories here have all initial values of xI = 0.01, xS = 0.3, xR = 0.2
While PS and PI change. The amplitude of the oscillation increases with PS −PI .

that when PN S = 1 not surprisingly x∗
I = 0, and when PN S = 0 or PS = 0 or PI =0, namely

the faces of the simplex, the equilibrium is the low level. Notice also that when PN S = 0

and PS > 0.6 there are only few equilibria (we are in the parameter space where xI keeps

oscillating around the low level equilibrium). Quite interestingly most of the internal

surface of the simplex, that is points where all the three arrival rates are positive, are

mapped to the vertical triangle in (3.13b): there is a continuous map between the inside

surface area of the simplex and x∗
I , with x∗

I increasing as PN S decreases, and reaching its

max where PS is close to 1.

Infection rate and surveillance effectiveness: Whenever γ is less than 0.2, irrespective of

the infection rate there is a drastic change in the dynamics and all but R-nodes become

infected, as can be seen in (3.14b). Clearly when 0.2 ≤ γ≤ 1 the equilibrium level of xI

changes little with β, and as long as β>> 0, x∗
I is consistently less than 0.1, increasing with

γ and decreasing with β. When the infection rate β is very close to zero x∗
I is just below

0.4 and when β= 0, it jumps close to 0.7. When γ< 0.2 then the equlibrium values of x∗
I

increase around the point where are all infected but the repressor (around 0.8 in this case).

Notice that while the low equilibrium increases with β, the high equilibrium decreases

with β, showing a relation similar to that in (3.10),(3.11). In case the fraction of repressor

is very low, then γ makes little difference, and the equilibrium level of x∗
I is continuously

increasing with β, as shown in 3.14a, where xR (0) = 0.01.

Frequency of arrivals Provided PN S = 0 the infected fraction of the population in equilib-

rium is increasing with µ, as can be seen in (3.15a), where µ ∈ (0,0.4). For higher values of

µ at ϵ= 0.1 equations become stiff. It is reasonabe to assume low arrival rates.
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(a) (b)

Fig. 3.13 Dependency of x∗
I as the arrival rates change. In the equilibria in figure (b)

initial conditions were xR (0) = 0.01, xS(0) = 0.3, xR = 0.2. Figure (a) maps the point in the
(PS ,PI ,PN S) unitary simplex to colors.

Connectivity Changing average connectivity κ has a relatively significant impact on x∗
I

for very low values (κ< 10) and no effect after κ≥ 20. It is somehow counterintuitive that

for low connectivity level the equilibrium level of infection is higher, and for very high

connectivity x∗
I it’s practically zero (3.15b).

Homophily Homophily has a small negative impact when ranges in the acceptable values

that prevent the equations to become stiff (3.16a). This is intuitive as if new I -nodes

create more links with other I -nodes and S-nodes with other S-nodes then I -nodes have

less chances to spread the infection. Interestingly for very low spontaneous exit rate

ϵ and homophily h > 0.1 xI shows cyclic behaviour, with amplitude of the oscillations

increasing in h. The explanation is that at very low spontaneous exit rate both infection

and removal acts mainly through neighbourhood relations, and because of homophily

some segregation among groups emerges: if one of the nodes in an "island" of susceptible

nodes is infected then most of the group will become infected, and this boosts xI . As the

fraction of I -nodes increased, the likelihood of interaction with R-nodes is higher hence

removal rate is higher, and this brings xI down again, but at the same time it brings also

the removal rate down, hence xI can increase again because of new infections.

Spontaneous exit Higher ϵ corresponds to lower x∗
I (3.16b).

Dependency of equilibria on parameters is summarized in table (3.8).
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Equilibrium Parameter Space Value
γ> γmi n 0 < x∗

I < 0.15
LEE β>βmi n Increasing with µ,β,PS

PN S = 0 or {PN S < P N S
mi n & PS < P S

mi n} Decreasing with ϵ,γ and
weakly with κ

γ≤ γmi n xI (LEE) < x∗
I < 1−xR

HEE β≤βmi n Increasing with µ,β,PS

PN S > P N S
mi n or {PN S < P N S

mi n & PS > P S
mi n} Decreasing with ϵ,γ and

weakly with κ
DFE iff PI = 0 x∗

I = 0, x∗
R = 0

x∗
N S = PN S , x∗

S = PS

Table 3.1 Summary of parameters effect on the infection level at equilibrium.

(a) (b)

Fig. 3.14 Change of x∗
I as λ and β change for (a) xR (0) = 0.01, (b) xR (0) = 0.1

(a) (b)

Fig. 3.15 Impact of node arrival rate (a) and average connectivity (b) on x∗
I . With high κ x∗

I
approaches zero, but never touches it if PI > 0.
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(a) (b)

Fig. 3.16 Dependency of x∗
I on homphily (a) and spontaneous exit rate (b)

Fig. 3.17 Diverging oscillations caused by low ϵ and high homophily (b)
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3.9 Best Response Maps

In this section we suggest how a social planner may elaborate a strategy to minimize or

eliminate the infection, based on the results of the models presented. We assume that

the social planner can choose the surveillance level and can influence the spontaneous

exit ϵ. We do not model how ϵ can be influenced, as this would require a theory of the

process examined (the motivations for which terrorists leave the organization are likely

to be different from those who leave a political party), and here we are not trying to

understand why it happens but at most how it happens. Reasonably ϵ is function of the

incentives to leave (an amnesty for all the terrorists) and, possibly of the socio-economic

opportunities individuals have: social and economic inequality, as well as fractionalization

are likely to incerase the level of conflict, as elegantly explained in [33] who show that the

equilibrium level of conflict in a society can be given by a linear function of inequality,

group fractionalization and polarization.

As regards surveillance, there would be an obvious cost in recruiting and training

the personnel that the social planner needs to consider, but even more, if surveillance is

performed by a police force, there is another aspect to take in consideration: the ideolog-

ical conflict has its raison d’être in some discontent with the status quo, and increasing

surveillance is very likely to increase this discontent undermining power legitimacy. In his

model of civil violence [30] model this trade-off with a "grievance" function, simply given

by the product of a measure of social or economic privation and the perceived illegitimacy

of the leading authority. Here we simply model this by making the fraction of Susceptible

individuals in the population an increasing function of the surveillance level: the fraction

of unsatisfied people depends on an exogenous variable α and of the amount of surveil-

lance chosen by the social planner xR . α is the minimum level of dissatisfaction, that

here we assume fixed in the short term and not under control of the social planner, while

the maximum level of dissatisfaction is reached when there are no more non susceptible

individuals in the population (assuming that those encharged of surveillance are always

loyal). Consider the modified generalized logistic function L :

L (xR ) =α+ xN S −xR

(1+Qe−bγxR )
1
v

for xR ∈ (0,RMAX) (3.31)

The above function, illustrated in (3.9) starts at α when xR = 0, then increases with xR and

reaches a maximum at the positive root of vebx +Q(bx + v −bxN S) = 0, then decreases.

In (3.9) parameters are chosen so that when xR ∈ (0,1), L ∈ (0,1). The function can be

interpreted this way: if the social planner decides to increase surveiillance xR , she will

recruit her agents among the non susceptible individuals, thus leading to a decrease in
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Fig. 3.18 Modified logistic for xR ∈ (0,1), bγ= 50, Q = 4 ·103, v = 2. In blue the values on
the interval xR ∈ (0,R)

xN S (this explains the numerator of the second term of (3.31). Moreover, the increase

in surveillance will cause a loss in legitimacy of the social planner, leading to a further

decrease in xN S and a corresponding increase in susceptible individuals. The increase

in xS above the already existent level α is given by the second term of (3.31). For our

application the only meaningful interval is xR ∈ (0,RMAX), where RMAX is the level of xR

such that xN S = 0. A further increase in xR leads to negative xN S which makes no sense.

Notice that RMAX is located before the maximum of the function (see 3.9).

We are going to use the above function to model the initial fraction of susceptible

nodes in order to build a Best Response map for the social planner.

The best case scenario for the social planner is the complete absence of infection in

the population, hence her first best would be to ensure that the DFE remains stable, that

is to say that R0 < 1. In the case of the non spatial model R0 (3.2) depends on ϵ, xR , γ and

ρ so the social planner would just choose xR and γ and provide incentives to determine

ϵ such that R0 < 1. Assuming that ρ = L (xR )+ xI (0), and fixing the inital fraction of

infected at xI (0) = 0.01 and γ = 0.5, figure (3.19) shows an example of a Best Response

map in the non spatial case. (3.19) shows that when ϵ is low, the DFE is unstable for low

levels of surveillance. At the levels of xR necessary for stability, (3.19a) shows that the

unsatisfaction in the population is very high, that is the population at DFE is made mostly

of R and S individuals.

In the adaptive mode case R0 is given by (3.30), assuming the social planner can

observe theβ,PS ,µ and k and just act on ϵ to make the DFE stable. It is also reasonable that

the social planner have some control on the borders, so that the arrival rate of susceptible

can be determined, even if with some error. Controlling the borders requires personnel,

so we could also model the arrival rate of susceptibles as a function decreasing in xR ,
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(a) (b)

Fig. 3.19 Best Response map (fully-mixed) when γ=β= 0.5: red corresponds to instability
of DFE, blue to stability. (a) depicts how xR choice impact on ρ, given ϵ= 0.1, (b) shows
the best response map when also ϵ can vary.

PS = f (xR ) with ∂ f
xR

< 0, so that the social planner can choose the desired combination of

xR and ϵ.

In case the social planner cannot guarantee PI = 0, then the DFE equilibrium does

not exist, and the next best alternative is the LEE, and possibly the minimum LEE. A best

response map can then be constructed having some information on the initial condition

and the parameters. Assuming that xS(0) =L (xR ), and using the usual set of parameter

values (3.20b) shows in blue the combination of xR and ϵ that guarantees the LEE.

3.10 Conclusions

In this paper a recruitment model with surveillance has been studied, using the framework

of epidemiological compartmental models. Under each model thresholds conditions are

derived, determining the parameter space where a susceptible population is resistent to

the invasion of a new ideology. The paper shows how considering the population topology

changes the thresholds and the behaviour of the dynamics. It has been found that in the

fully-mixed population the threshold depends directly on the magnitude of surveillance,

while when the population interactions are constrained by a graph, that is both in the

static network and in the adaptive network, the threshold does not depend on surveillance.

While in both the static and the adaptive network increasing average connectivity makes

invasion of the new ideology easier, in the adaptive network case high connectivity levels

can be sustained with low infection rates or low S-nodes arrival rate. The main differences
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(a) (b)

Fig. 3.20 Best Response map (adaptive) for the DFE (a) at µ= 0.1 = ϵ, β= 0.5, k = 10 and
for the LEE (b). Blue indicates BR.

between the static and adaptive network are that the dynamic graph threshold is less

sensitive to the spontaneous exit rate ϵ, and that increasing the graph dimension ceteris

paribus improves stability of the DFE. The adaptive network model shows two types of EE.

In one equilibrium the invading ideology groupsurvive but it is very small, and survives

only because it is to small to be detected and eliminated. If conditions are favorable the

invading ideology can also take over the entire population, or survive in equilibrium at a

consistently high level: depending on parameters there is a continuum of equilibria where

the invading group can constitute any fraction of the population above 0.1. The adaptive

network dynamics may also generate cycles around the equilibria in the appropriate range

of arrival rates and level of homophily. The paper finally suggest how to use the results of

the models to develop a response strategy of a social planner who wants to prevent the

invasion of the new ideology or, whenever this is not possible, to minimize the invading

ideology group. The model constitutes a basic framework, and many different aspects can

subject of further studies. A promising research line regards the introduction of strategic

behaviour of agent both regarding the actions of recruitment and surveillance and the way

individuals remove or add new links, as well as adding further heterogeneity in nodes, for

example allowing for different values of β. It would also be interesting to link the facility

with which a new ideology can conquer new susceptibles with some inequality measure

at a society level.
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Abstract

We define a class of pure exchange Edgeworth trading processes that under minimal

assumptions converges to a stable set in the space of allocations, and characterize the

Pareto set of these processes. Choosing a specific process belonging to this class, that we

define fair trading, we analyze the trade dynamic between agents located on a weighted

networks. We determine the conditions under which there always exists a one-to-one

map between the set of networks and the set of stable equilibria. This result is used to

understand which is the effect of the network topology on the trade dynamics and on the

final allocation for the case of Cobb-Douglas utility function. We find that the position in

the network affects the distribution of the utility gain given the initial allocations.

4.1 Introduction

One of the essential subjects of economics is analyzing prices and allocations in markets.

The centrality of the subject has been clear since the first attempt to produce rigorous

mathematical modeling of the functioning of a market. Nonetheless the most diffused

approach in mathematical economics, namely general equilibrium theory, lasts on the

fundamental assumption that individuals have no market power, hence take prices as

given, de facto ruling out any significative analysis of prices. In the walrasian competitive

equilibrium all trading in decentralized exchange takes place at the final equilibirum

prices, while in real world agents discover equilibrium prices only by making mutually

advantageous transaction at disequilibrium prices Foley [39]. Most of the equilibrium

models are hence lacking a proper out-of-equilibrium analysis, where the assumption of

perfect competition prevents agents from actually change prices. In order to circumvent

the impasse given by the impossibility of a real price dynamics, the fictitious figure of

the "auctioneer" had to be introduced. Models with the auctioneer are usually called

tâtonnement models, which suffer from important lack of reality where agents constantly

recontract instead of trading and so only prices are changing out of equilibrium while

quantities are fixed Fisher [38]. Despite the diffusion of equilibrium models, economists
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have been aware of their limitations since many years, for a recent critical review see

Petri and F. Hahn [93]. Several alternatives have been proposed: in the early sixties

there was an important effort in modeling out-of-equilibrium dynamics, even if in a

simple and still non realistic way, while still guaranteeing existence and stability of the

equilibrium. These models are called non-tâtonnement processes, or trading processes.

Uzawa [122], Hahn [46] introduced the so called "Edegworth process" where they gave

an explicit treatment of out-of-equilibrium trade. By allowing both prices and quantities

to adjust out of equilibrium a fundamental difference emerges with previous walrasian

models: equilibrium is path-dependent, and out of equilibrium dynamics change the

equilibrium set, while in a walrasian process equilibrium is determined solely by the

initial holdings, independently of the path of the process. Edgeworth processes rest on

one fundamental, reasonable assumption: trade takes place if and only if there is an

increase in utility by trading. Hahn [46] assumes that agents needs non-zero endowments

of each good, and trade only if there is at least one individual who gains and no individual

who loses. Under the assumption of strictly concave utility function Hahn proves that the

pure exchange mechanism is approaching in the limit a Pareto optimum. Uzawa [122]

formulates a more general Edgeworth’s barter process, where individual transacts at each

stage under the restriction that total quantities of each good stay constant in the economy

and a transaction happens if and only if at least one part becomes better off. Uzawa proves

that this process always converges to a Pareto-Optimum. Fisher [38] while recognizing

that Edgeworth process is able to capture, even if to a limited extent, price adjustment,

raises two main critiques regarding the assumption of utility-increasing trades at each

step. First, as all parties need to gain something in order to have trade, it can be the case

that only very big coalition can have mutually advantageous trade, hence the presence

of coalition formation costs may prevent trade from actually happening. The second

critique regards the impossibility of Pareto-increasing trades of taking account of the

behaviour of arbitraging agents who try to take advantage from the opportunities arising

in disequilibrium. The first critique was addressed by Madden [69], who proves that

there is always an Edgeworth exchange for some pair of agents if there is an Edgeworth

exchange at all. The second critique is potentially more cogent, and it is necessary to

be more cautious, still it appears there would be nothing to prevent from considering

expectations of future gains as part of the utility function, hence allowing for Pareto-

improving speculative trade as well. Fisher [37] develops a more sophisticated model

without auctioneer, where money is assumed to be just a medium of exchange, and agents

have two roles at the same time: they act as "dealers" in one commodity, setting its

the price and then waiting for others to come and make exchanges. For the remaining
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commodities agents are then customers, who search among the dealers to find those

with better price. The dealers propose their price, and eventually adjust the price after

the search. The dealers in choosing their own price think as if they are in equilibrium,

so there is a question if this is actually modeling price adjustment out of equilibrium.

Another relevant work in this litterature is Hurwicz et al. [52, 53] who construct an iterative

decentralized process in environments free of externalities. It is a stochastic model, where

every trade leading to a Pareto superior allocation has a positive probability of being

picked, whilst the individual particular trades are of measure zero if the set of trades is

continuous. Participants pick a trade, according to a probability distribution, among

those not inferior to their current endowment. Their set of feasible trade is then given by

this probabilistically selected bid and the intersection between all the other trades which

are not inferior to her current endowment and a cube centered on the bid. Compatible

bids, so potential trades, are the points in the interesection of two participants’ such

cubes. Here randomization plays a role, as the referees chooses a random point in this

intersection. This process converges stochastically to a Pareto Optimum and it is usually

more stable than tâtonnement processes. Notice that this bidding process has some of the

characteristics of non-tâtonnement processes, as trade is utility increasing and actually

take places during the process. At the same time trade happens only when demand and

supply are in balance thanks to the intervention of a fictious referee, which resembles

the walrasian auctioneer. Among other stochastic models it is also worth mentioning

Gintis [42], who studies out-of-equilibrium price and quantity adjustment process for

a decentralized market economy with production, where the economy is modeled as a

Markov process, and stability is found under certain conditions.

If the assumption of agents having no market power is removed, then it is then neces-

sary to model how agents agree on the division of the gains from their transaction, and

hence how prices emerge. The two main approaches to the theory of bargaining, namely

the non-cooperative and the cooperative approach, originate from the same person: John

Nash. Nash [76] proposed a theory of axiomatic bargaining having a unique solution for

the situation in which two agents have access to a set of alternatives on which they have

different preferences. If they are not able to agree on any of the alternative they will receive

what is the established disagreement point in the feasible set. This paper inspired the

cooperative game theory approach to bargaining, with the proposals of several different

solutions. The second paper Nash [77] inspired an important number of successive contri-

butions aimed at establishing non-cooperative foundations of competititive equilibrium.

Just to mention few of the many relevant works Rubinstein [99], Rubinstein and Wolinsky

[100], Gale [41],Sabourian [103]. As Thomson [118] points out, while the (cooperative )
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Nash solution has possibly been the most successfull, other two solution concepts have

received also considerable attention by the economist: the egalitarian solution and the

Kalai-Smorodinsky solution. Kalai [59] propose a solution which, once established a

vector of weights for individual utilities, selects the maximal point in the feasible set

where utility gains from the disagreement point are proportional to these weights. The

egalitarian solution is a particular case of this, where the weights are equal. The solution

proposed by Kalai and Smorodinsky [60] chooses the maximal point of the feasible set

which is proportional to the profile of maximal payoffs that agents can separately reach

among the feasible points that dominate the disagreement point. This can be intended as

a normalized version of the egalitarian solution Thomson [118]. Both alternative solutions

satisfy weak Pareto-optimality.

This paper has some continuity with the cited literature as we adopt a version of the

Edgeworth barter process, and we define a class of trading processes that under a limited

number of assumptions converge to an equilibrium. In our model we do not have prices

explicitly, but prices are the rate of exchange between goods, and they can change at any

moment along the process, as you would expect in a real trade. Also there is no gravitation

towards equilibrium prices because equilibria are path-dependent. In the family of the

trading processes that satisfy our assumption we restrict the attention on a very specific

form of trade, and we adopt the egalitarian solution as the rule according to which agents

share utility gains when they trade. There are evidences in many real word bargaining

practices where the agents divide the "fixed pie" equally, in particular in the practice of

sharecropping where despite the parties involved very often have different bargaining

power, nonetheless the fifty-fifty rule is dominant in many social groups. Young [127]

gives an evolutionary foundation of such a rule in a contest without common knowledge

and without learning, where agents choices are based only on the precedent choices of

other agents. The process is characterized by a positive feedback that can eventually reach

stability on a fixed division rule. The choice of a specific trading rules is without loss of

generality, as our results are true under more general assumptions, as it will be clear in the

rest of the paper.

Our paper is very close to Cowan and Jonard [24], who model knowledge diffusion as a

barter process in which agents exchange different types of knowledge. Agents meet their

neighbours repeatedly and in case there is room for trade, that is there is a differential in

two dimensions of knowledge, they trade, each receiving a constant share of the knowledge

differential. At the end of the trade both parties have an increased utility, as utility increases

with knowledge levels. They show that diffusion of knowledge is maximized where the
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proportion of links between an agent and other agents not in his neighbourhood is

between 1 and 10 percent of all direct links between agent pairs.

The main contribution of this paper is to fill a gap in the literature on trade, that is

providing a dynamical model of trade on a network. There are many reasons why we want

to consider the network structure of the agents, starting with the fact that real trades are

shaped and influenced by the structure of relationship between agents: not everybody

can interact with everybody else due to geography, social relationships, technological

compatibility. Quoting Fisher: "disequilibrium considerations have something to do with

the institutional structure of transactions and the way in which markets are organized".

We are interested in modeling an economy where the individual market power matters,

and clearly market power also crucially depends on the position in the network. The

local nature of many markets and their dependence on the global structure is another

characteristics of real markets that can be analysed with a network formulation, and there

are many interesting questions that can be analysed in this contests, that are subject of a

very active area of research in economics. For an exhaustive review of these contributions

see Manea [70]. Our paper differs from all these models as we do not model strategic

interaction among agents, and in this sense our model is extremely simplificative, but

we are able of characterizing the dynamics on a network with a treatable and relatively

simple convergent dynamical systems, providing a novel contribution to the literature.

Moreover we prove a version of the Second Welfare Theorem for networks, contributing to

the analysis of the effect of the network structure on final allocations and the distribution

of welfare.

The paper is structured as follows: in the first section we define our family of bilateral

trading processes, and we provide a characterization of the Pareto set to which these

processes converge. We then choose a specific trading rules, namely the egalitarian rule,

proving that the trade so defined belong to the family of trades of our interest. In the

second section we extend trading to more agents, and we introduce the network structure

as a weighted network. In the third and last section we analyze the Cobb-Douglas case,

and we construct the set of equilibria for this specific case, giving some examples of the

effect of the topology on the final allocation.
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4.2 The model

4.2.1 Pure Exchange

There are n ≥ 2 agents, and we will generally refer to an agent i ∈ {1, . . . ,n} ≡ N , and m ≥ 2

goods, and we will generally refer to a good k ∈ {1, . . . ,m} ≡ M . Agents can only have

non-negative quantities of each good, and we are considering a pure exchange economy

with no production, so that the total resources in the economy are fixed and given by the

sum of the agents’ endowments. The endowment of agent i is a point in the positive ortant

of Rm , call this space P = {x ∈Rm+ } where the k−th coordinate represents the quantity of

good k. Assume time is continuous and goods are infinitely divisible, and let xi k,t be the

endowment of agent i at time t for good k. In this way x⃗i ,t ∈ Rm is the m–dimensional

vector of agent i ’s endowment, while x⃗k,t ∈Rn is the n–dimensional vector of all agents’

endowments of good k. As we assumed there is no production, nor can the goods be

disposed of, the sum of the elements of each such vector x⃗k,t is constant in time. The initial

allocations of the economy are then represented by the n vectors of agents’ endowment at

time zero, call them {⃗x1,0, . . . , x⃗n,0}. All agents’ allocations at a given point in time can then

be represented by an (m×n) matrix with all non-negative entries, call it Xt . In the following

we may not express the time variable t , when it does not create ambiguity. Hence an

unrestricted state of the economy at any time t is a point in the positive orthant of an Rmn

space, given by the Cartesian product P n . As we assumed that resources are fixed in the

economy at a point w ∈Rm (where the k-th coordinate is the total quantity of good k in the

economy), the state space of our interest is a subset of P n , call it W = {x ∈ P n :
∑

xi = w},

which is an open subset of an affine subspace with compact closure in (Rm)n Smale [114].

Any agent i is characterized by a differentiable, strictly increasing utility function Ui

from Rm to R. It is also assumed that preferences are strictly convex. Given xt ∈ W , a

point in the space of the economy at some point in time t , call U⃗ (xt ) its corresponding

n–dimensional vector of utilities. We call µi k,t ≡ ∂Ui (⃗xi ,t )/∂k the marginal utility of agent

i , with endowment x⃗i ,t , with respect to good k. Define as µi ,t the gradient of the utility

function for agent i at time t , that is the vector of all her marginal utilities. All the gradients

can be aggregated in a m×n matrix of all the marginal utilites at a given point in time, call

it Mt . The vector of strictly positive marginal utilities µ⃗i ,t , is proportional to any vector of

marginal rates of substitutions with respect to any good ℓ ∈ {1, . . . ,m}.

To give the geometrical intuition of the space of the economy, notice that it is the

surface of an (m)-dimensional convex polytope with 2m vertices (ie an hyperrectangle)

or alternatively a point on one of its (m −1)-dimensional facets. Notice also that we can

define a geometrical multidimensional version of the Edgeworth box. Consider that given
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Fig. 4.1 Example of the difference between a Walrasian equilibrium and a fair equilibrium
in the Edgeworth box and in the space of utilities.

the total quantity of good k, call it k̄, every possible allocations of this among the n agents

is a point in the convex hull Γ= {θ0k̄ +·· ·+θnk̄|θi ≥ 0, i ∈ (0,n),
∑

i θi = 1}, that is to say a

point in the (n −1) regular simplex with edge lenght k̄. The same holds for each of the m

goods (with possibly different k̄ of course). Notice also that the traditional Edgeworth box

is nothing but the Cartesian product of two 1-simplices (that is to say of two segments of

a line), as can be seen in figure. Recall that a Cartesian product of simplices is called a

simplotope, and denote as ∆n an n-dimensional simplex,

Fig. 4.2 Modified from Shoham and Leyton-Brown [112], shows the Cartesian product of
two 1-simplices. Notice the analogy with the Edgeworth Box.

Definition 3 The multi-dimensional equivalent of the Edgeworth Box for a pure exchange

economy with n agents and m goods is a simplotope Λ=∏m
j=1∆

(n−1)
i , where ∆(n−1)

j is the
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(n−1) regular simplex with edge of length equal the total quantity of good j . The Edgeworth

Box is of dimension (n −1)m.

In the pure exchange economy defined above, the contract curve is given by the set of

all those allocation where all marginal utilities are proportional, i.e.

W = {
X : ∀ i , j ∈ N , ∃k ∈R, k ̸= 0, s.t . µi (⃗xi ) = kµ j (⃗x j )

}
. (4.1)

Proposition 3 Smale [114] If preferences are convex and monotonic then the set of Pareto

Optima is homoeomorphic to a closed (n −1) simplex.

For a proof of [3 see Smale [114], or the appendix (C). Remember that a diffeomorphism

implies an homeomorphism but not viceversa, and the assumptions in [3 are standard

in economics, and are indeed minimal: no assumption on the commodity space, very

few restriction on the utility. In order to obtain a diffeomorphism it is enough to assume

convexity1 of the function and of the commodity space. It is shown that if preferences

are C 2 and convex it is possible to find utility representations that admit a convex space,

for an exhaustive discussion and proofs see Mas-Colell [71]. Notice that in our case the

assumptions of the proposition are satisfied: the state space of interest is an open subset of

an affine subspace with compact closure in Rmn Smale [114]. Moreover, we also assumed

preferences to be convex, so the indifference curves are convex. The convexity assumption

makes the problem much easier to deal with, but in case this assumption is relaxed we

can still characterize the Pareto Set, that will be a (n −1) stratified set, that is a manifold

with borders and corners, see Wan [124], de Melo [27].

4.2.2 Trading

Define trading between agents in N as a continuous dynamic over the endowments,

which is based on marginal utilities. Formally it will be a set of differential equations of

the form:
d x⃗i ,t

d t
= fi (Mt ) , (4.2)

where function fi from Rn×m to Rm , satisfies the following 3 properties, for any set Mt =(
µ⃗1,t , µ⃗2,t , . . . µ⃗n,t

)
of feasible marginal utilities:

• Zero sum: the sum
∑n

i=1 f⃗i is equal to the null vector 0⃗.

1Note that in [11 there is the assumption of convexity of the functions. No confusion should rise as we
recall that a standard convex multiobjective problem is a minimization of convex functions, viceversa a
maximization of concave function
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• Trade: if there are at least two vectors of marginal utilities, µ⃗i ,t and µ⃗ j ,t , which are

linearly independent, then at least one between f⃗i and f⃗ j is different from 0⃗.

• Positive gradient: for any agent i it will always be the case that µ⃗i ,t · f⃗i ≥ 0, with

strictly positive sign if there is trade.

The assumption of zero sum trade guarantees that we are in a pure exchange economy

without consumption or production of new goods, as the amount of all the goods remain

unchanged in any step of the process. The assumption of trade guarantees that there is

actually trade, unless we are in a Pareto optimal allocation, where the marginal rate of

substitution between any two goods would be the same for any couple of agents. Finally,

the assumption of positive gradient guarantees that any marginal exchange represents a

Pareto improvement for any agent i ∈ N . That is because

dUi

d t
=

m∑
k=1

dUi

d xi k

d xi k

d t

= µ⃗i ,t · fi (Mt ) ≥ 0

(4.3)

Generalizing Hahn [47], it is easy to show that all and only the fixed points of the

dynamical system defined in (4.2), are Pareto optimal allocations. That is because the

function

Ū (Xt ) ≡
n∑

i=1
Ui (⃗xi ,t ) (4.4)

can be seen as a potential. It is bounded in its dominion of all possible allocations, it

strictly increases as long as there is trade (i.e. out of equilibrium), and it will be stable

when there are no two agents who could both profitably exchange goods between them.

At the limit Ū will converge for sure to a value, say Ū∗, corresponding to an allocation X∗.

As preferences are strictly convex, there will be no trade in X∗.

The fixed points of the above dynamical system are reached by a sequence of in-

finitesimally small trades from an initial state, hence the set of the solutions of the trade

mechanism, call it the Stable Pareto Set, is an open subset of the Pareto Set defined above

Smale [114]

Note that at this stage there is no assumptions that endowments do not become

negative, that is to say we are not requiring a condition like d xi k
d t > 0 as xi k → 0. This

will depend on the initial endowment Xt of the agents and or their utility functions. As

any marginal exchange represents a Pareto improvement for any agent i ∈ N , we will

implicitely assume that any Pareto improvement starting from the initial conditions will

lie in the region of non–negative endowments.
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Examples that satisfies these properties are the classical Walrasian tâtonnement pro-

cess, as well as non-tâtonnement processes, as can be find in Hahn [47] and Hurwicz et al.

[52, 53].

4.3 Fair trading between two agents

There is an entire family of trading mechanisms satisfy the very general assumptions

of zero sum, trade and positive gradient. The moment in which we choose a trading

mechanism we are implicitly making assumptions on some bargaining rule that has been

fixed by the agents participating the trade. This may seem a restiction, and to some extent

it is a restriction, still we can come out with different trading mechanisms corresponding

to different bargaining solutions. We define a mechanism that we call fair trading, that

is based on the Kalai egalitarian solution Kalai [59], were we assume that when there is

possibility for a Pareto improvement, agents trade if and only if they equally split the gains

in utility from the trade.

Trading is bilateral, so assume for now that there are only two agents, so that N = {1,2},

and m ≥ 2 goods. By the zero sum property we have that f⃗1 =− f⃗2. We are restricting our

attention to the case where marginal utility from trading, is equally split among the two

agents. The pareto improvement from trading is defined in (4.3), so we are requiring that:

µ⃗1,t · f1
(
µ⃗1,t , µ⃗2,t

)= µ⃗2,t · f2
(
µ⃗1,t , µ⃗2,t

)
. (4.5)

By the zero sum property this is satisfied if

(
µ⃗1,t + µ⃗2,t

) · f1
(
µ⃗1,t , µ⃗2,t

)= 0 , (4.6)

which simply means that marginal trade has to be orthogonal to the sum of marginal

utilities.

There is a full sub–space of dimension m −1 that is orthogonal to the sum of the two

marginal utilities. Here we consider a single element that lies in the sub–plane generated

by µ⃗1,t and µ⃗2,t . We assume that trade for agent 1, f⃗1, is the orthogonal part of µ⃗1,t with

respect to µ⃗1,t + µ⃗2,t (or the vector rejection of µ⃗1,t from µ⃗1,t + µ⃗2,t ). In formulas it is

f1
(
µ⃗1,t , µ⃗2,t

)= µ⃗1,t −
µ⃗1,t ·

(
µ⃗1,t + µ⃗2,t

)
|⃗µ1,t + µ⃗2,t |2

(
µ⃗1,t + µ⃗2,t

)
(4.7)

where | · | is the Euclidean norm in Rm .
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Proposition 4 In a fair trading between two agents, the istantaneous trade of one agent is

equal to the additive inverse of the instantaneous trade of the other agent.

The above proposition is trivial, and it is easy to check that:

f2
(
µ⃗1,t , µ⃗2,t

)= µ⃗2,t −
µ⃗2,t ·

(
µ⃗1,t + µ⃗2,t

)
|⃗µ1,t + µ⃗2,t |2

(
µ⃗1,t + µ⃗2,t

)=− f1
(
µ⃗1,t , µ⃗2,t

)
(4.8)

because

f1
(
µ⃗1,t , µ⃗2,t

)+ f2
(
µ⃗1,t , µ⃗2,t

)= (
µ⃗1,t + µ⃗2,t

)− |⃗µ1,t + µ⃗2,t |2
|⃗µ1,t + µ⃗2,t |2

(
µ⃗1,t + µ⃗2,t

)= 0⃗ (4.9)

Proposition 5 The fair trading mechanism between two agents defined as in (4.7) satisfies

zero sum, trade and positive gradient.

It is easy to check that the fair trading specified in (4.7) satisfies the trade condition, as

it is equal to 0⃗ only if µ⃗1,t = kµ⃗2,t , for some k ∈R.

To see that it also satisfies positive gradient, note that a sufficient condition for having

a non-negative change in marginal utility:

µ⃗1,t ·
(
µ⃗1,t −

µ⃗1,t ·
(
µ⃗1,t + µ⃗2,t

)
|⃗µ1,t + µ⃗2,t |2

(
µ⃗1,t + µ⃗2,t

))≥ 0 (4.10)

is that ∥µ⃗1,t ·
(
µ⃗1,t + µ⃗2,t

)∥ ≤ |⃗µ1,t ||⃗µ1,t + µ⃗2,t |, where ∥ ·∥ is the classical norm in R. But last

inequality is the Cauchy–Schwarz inequality, which is always strict, being 0 if and only if

µ⃗1,t and µ⃗2,t are linearly dependent, that is when there is no trade.

Note here that any α f1
(
µ⃗1,t , µ⃗2,t

)
, with α> 0 would go, but we stick to the normalized

case with α = 1. In general, this parameter α will represent the speed at which the dy-

namical system is moving, so there will be no loss in generality in assuming it equal to

1.

We have then proved that the fair trading mechanism is a bilateral pure exchange

mechanism satisfying the required three assumptions.The two agents trade over m ≥ 2

goods, starting from some initial allocation X0 ∈ Rm×2 and evolving according to the

following system of differential equations in matrix form, based on (4.2) and (4.7):

dXt

d t
=

(
µ⃗1,t −

µ⃗1,t ·
(
µ⃗1,t + µ⃗2,t

)
|⃗µ1,t + µ⃗2,t |2

(
µ⃗1,t + µ⃗2,t

)
, µ⃗2,t −

µ⃗2,t ·
(
µ⃗1,t + µ⃗2,t

)
|⃗µ1,t + µ⃗2,t |2

(
µ⃗1,t + µ⃗2,t

))
(4.11)

This dynamical system is well defined, as µ⃗1,t and µ⃗1,t are defined in Xt , and are based on

the utilities U1 and U2. However, this system is not linear in Mt .
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THEOREM 1 [Cauchy-Lipschitz] If fi is uniformly Lipschitz continuous for all i and contin-

uous in t then the dynamical system has a unique solution given initial conditions.

Proof 2 Any textbook, see for example O’Regan [91].

If the dynamical system has a unique solution is then invertible, this means that we

can go back to initial conditions

4.4 More agents

Suppose now that there are more than two agents, so that n ≥ 3. Trade is always bilateral,

and fair trading implies that for every trade the marginal utility from trading has to be

equally split among the parts:

(
µ⃗i ,t + µ⃗ j ,t

) · fi
(
µ⃗i ,t , µ⃗ j ,t

)= 0 ∀i , j ∈ N , i ̸= j (4.12)

This must hold for all of the n −1 possible couples where trader i is involved, so that

individual i ’s instantaneous trade f⃗i lies in a sub–space of dimension m −n +1, if it exists.

This clearly imposes a first constraint on the minimal possible amount m of goods.

Moreover, by the zero sum property, we need that the sum of all the istantaneous

trades cancels out,
∑

f⃗i = 0. This is an additional constraint, that will be satisfied only if

the dimension of the sub–space where f⃗i lies is more than one. So the minimum number

of goods that guarantees the existence of fair trading is such that m −n +1 ≥ 2, or that

m ≥ n +1.

Proposition 6 If n ≥ 3 then fair trading mechanism exists if and only if m ≥ n +1

EXAMPLE 1 3 traders

Suppose that for a certain allocation all the three vectors of marginal utilities of the traders

are linearly independent. Say µ⃗1 = (2,1,1), µ⃗2 = (1,2,1) and µ⃗3 = (1,1,2). f⃗1 has to be

orthogonal to both µ⃗1 + µ⃗2 = (3,3,2) and µ⃗1 + µ⃗3 = (3,2,3), so that it will be of the form

f⃗1 = k(5,−3,−3), for some k ∈ R. Similarly we will have f⃗2 = h(−3,5,−3), for some h ∈ R,

and f⃗3 = ℓ(−3,−3,5), for some ℓ ∈R.

To balance trading we need also that f⃗1 + f⃗2 + f⃗3 = (0,0,0), but as they are linearly inde-

pendent vectors, this is possible only for k = h = ℓ= 0, which means no trading, even if

marginal utilities are not proportional. �
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REMARK 1 If the fair trading is between two traders (n = 2) then two goods (m ≥ 2) are

sufficient to guarantee the existence of trade

The above can be easily verified, with two traders each trade f⃗1 and f⃗2 by construction

is orthogonal to the same vector f⃗1 + f⃗2, so that they will never be linearly independent.

Previous example shows that if m ≤ n, and m ≥ 3, then fair trading is not possible. If

the number of goods where instead m = n+1, then every candidate f⃗i would lie on a plane,

and there would always exist a non–trivial solution for the zeros sum property because we

would have a homogeneous system of linear equations with n linear equations in n +1

variables. If m is even greater, then existence would result a fortiori.

4.4.1 The network environment

What happens if m ≤ n +1, if for instance there are only 2 goods and many agents? In this

case we consider a market mechanism that allows for distinct couples to match and trade

with some exogenously fixed probability in every instant of time. When they meet they

will trade according to the unique fair trading mechanism defined in Section 4.3.

We assume an exogenously fixed vector p⃗ of probabilities among the n agents. At every

instant in continuous time agent i is picked with probability pi , and then i will trade with

another of the n−1 nodes with uniform probability. In this way the couple of agents i and

j may be matched to trade with probability
pi+p j

n−1 .

As randomness is confined to instantaneous moments in continuous time, we can

express them just as weights by which the different matchings are considered. We can

apply (4.7), that we will call f⃗ ′ and (4.11), to have a dynamical system of the form2

dXt

d t
=

( ∑
i∈N

p1 +pi

n −1
f ′

1

(
µ⃗1,t , µ⃗i ,t

)
,
∑

i∈N

p2 +pi

n −1
f ′

2

(
µ⃗2,t , µ⃗i ,t

)
, . . . ,

∑
i∈N

pn +pi

n −1
f ′

n

(
µ⃗n,t , µ⃗i ,t

))
(4.13)

As for the case of 4.11, this system is not linear. f⃗i is a linear combination of all the

pairwise f ′
i s, based on the probabilities.

Proposition 7 The fair trading mechanism on a network satisfies zero sum, trade and

positive gradient properties.

Zero sum holds as for every couple i and j , which is matched with weight
pi+p j

n−1 ,

fi =− f j by construction, as discussed in Section 4.3.

2Here we consistently define that f ′
i

(
µ⃗i ,t , µ⃗i ,t

)= 0⃗.
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Trade holds because, for every couple i and j such that µ⃗i and µ⃗ j are linearly indepen-

dent, we can consider trader k such that pk > 0. i and j will trade with k with positive

weight, and if µ⃗i and µ⃗ j are linearly independent, then at least one of them is linearly

independent with µ⃗k , suppose it is j . From fair trading between two agents, as discussed

in Section 4.3, we have that the marginal utility of that trader from that matching is strictly

increasing. Then, as no other trading can generate negative marginal utilities, it means

that the overall marginal utility of that trader from all matchings is strictly increasing. And

this can happen only if there is trade, i.e.

f⃗ j =
∑

i∈N

p j +pi

n −1
f ′

j

(
µ⃗ j ,t , µ⃗i ,t

) ̸= 0⃗ . (4.14)

Finally, positive gradient comes from the fact that f⃗i is a linear combination of f ′
i s, so

that

µ⃗i ,t · f⃗i =
∑
j∈N

pi +p j

n −1
µ⃗i ,t · f ′

j

(
µ⃗i ,t , µ⃗ j ,t

)
, (4.15)

which is strictly positive as soon as there is trading.

The matching mechanism defined above generates a family of weighted networks,

that can be thought as linear combination of stars. The least connected case possible is

when the probability vector has only one entry equal to one. In this case one of the agents

is picked with probability 1 and interact with any other with uniform probability, so that

she is the core of a weighted star where each edge has weight 1/(n −1). In case in the

vector p⃗ there is more than one entry which is non-zero the corresponding network is a

star with a number of nodes in the core equal to the number of non-zero entries in p⃗. If all

the entries in p⃗ are non-zero then the resulting network is a complete weighted network.

[insert figure]

4.5 Analogous of the second welfare theorem for networks

In this section we will prove that there is a one to one mapping between the simplex of

probabilities and the Pareto Set obtained as a result of the fair trade dynamics. Also, we

will prove that this map has no holes (is simply connected) and so we can produce a

version of the second welfare theorem for networks.

Define as W the set of stationary point of a dynamics based on marginal utilities, that

is the subset of the Pareto Set that is reached by the trade dynamics defined by f⃗
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THEOREM 2 If f is continuous in t , x, p and Lipschitz in x with Lipschitz constant inde-

pendent of t and p, then the solution x(t , p, x(t0)) is continuous in (t , p, x(t0)) jointly.

Proof 3 Being x continuous in p,x(t0) and uniformly in t , then the solution x(t , p, x(t0)) is

also continuous in t for given p and x(t0), we can equivalently say that the map (p, x(t0)) →
x(t , p, x(t0)) is continuous, so standard arguments imply that x is continuous in t , p, x(t0)

jointly.

THEOREM 3 Given a pure exchange economy, with monotonic, continuous, convex prefer-

ences, and a trade dynamics defined by a Lipschitz continuous function, if x∗ is a point in

the Pareto Set W N of the stable points of the dynamics, then there exist a weighted network

g that, given the initial allocations, implements a sequence of trades that ends up in x∗.

Proof 4 Lipschitz continuity guarantees existence and uniqueness of solutions by (1), and

uniqueness implies invertibility. Call x̄(t , p) the solution of the dynamical system defined

by f (t , x, p), with initial conditions x(t0) = x0. If we introduce a new variable s ∈Rn , and

define as x̂ = [x, s] ∈ Rmn+n and f̂ (t , x̂) = [ f (t , x, p),0] ∈ Rnm+n , we can now define the

initial condition as x̂(t0) = [x0, p], which means we are imposing s(t0) = p, but parameters

are not changing in time, so s(t) = p for all t and the solution of the dynamical system

defined by f̂ (t , x̂) with initial condition x̂(t0), is x̂∗(t , p) = [x̄(t , p), p]. This means we can

transform parameters into initial conditions.

Now define an initial time τ and final time t and assume that both lie in an interval

[a,b]. Assume also that all the solutions x̂∗(t , p) exist in this interval (we can choose

the interval arbitrarily so that all our solutions exist). Then define a map from a subset

U ⊂Rnm+m into Rnm+m

S t
τ = x(t ,τ, x̂(τ)) (4.16)

This map the initial value x̂(τ) to the solution at time t . By (2) x(t ,τ, x̂(τ)) is continuous in

(t ,τ, x̂(τ)). By uniqueness, it is invertible and its inverse is continuous. So S t
τ : U →W N is a

homeomorphism (that is one-to-one, onto, continuous, with continuous inverse).

From this follows our result: for any choice of the initial allocation and of the parameter

p defining the network, there is one solution in W N , and for any such solution there is an

allocation and a network that generated it through the trade dynamics

The above proofs follow standard arguments in the theory of ordinary differential

equations. For reference, see E.A. Coddington [29], Burke [17]

LEMMA 8 The map from initial allocations and network to the Pareto Set, S t
τ : U →W N is

simply connected.
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Proof 5 U is a convex subset of Rn+m as a product of two convex subset of Rn and Rm

respectively, so U is simply connected. Being U and W N homoeomorphic, and given U is

simply connected, this is a necessary and sufficient condition for W N to be simply connected.

Hence we proved that there is a continuous, invertible with continuous inverse map

between the set of initial conditions (initial allocations and network) and that this map

has no holes (it is simply connected). Notice also that as we did in the proof of theorem (3),

that is transforming parameters into initial conditions, we can transform initial conditions

into parameters, so that we can study the effect of the network topology fixed the initial

allocations.

We are also able to characterize the set of Pareto Optima that are the resulting stable

points of the fair trade dynamics

Proposition 9 The set of stationary points of a fair trading dynamics on networks, W N is a

subset of the Pareto Set which is homeomorphic to a closed (n −1) simplex.

Proof 6 The proof is trivial. W N is a strict subset of W as the stable point of the trading

dynamics are Pareto Optima and all those allocations in W where agents are worse off than

their initial allocation in the dynamics are not in W N . Given that the set W is homeomor-

phic to a (n −1) simplex and that W N is continuous and simply connected, W N is also

homeomorphic to a (n −1) simplex.

The assumption of Lipschitz continuity is central in our context in order to ensure exis-

tence and uniqueness of the solution. Notice that although sufficient, Lipschitz continuity

is not necessary for the existence of a solution continuous in the initial conditions, see for

example Henry [48]. Lipschitz continuity is a strong form of uniform continuity which

puts a condition on the rate of change of the function, or in other words it puts a bound on

its first derivatives. In the case of our interests then a function may fail to be Lipschitz close

to the boundary of the good space, that is to say where x is close to zero, where the rate of

change of the function f can be very high. We rule this cases out by properly choosing the

utility function, where the failure of Lispchitz assumption would not necessarily invalidate

our results where there still exist a unique solution to the dynamical system defining trade.

4.5.1 A numeric example: the Cobb-Douglas case

In this section we present some numerical examples in the case of three agents trading two

goods for which they have Cobb-Douglas preferences. By constructing the contract curve

it will be shown that the stable points of the fair trading mechanism are diffeomorphic to
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a n−1 simplex, as in the case contemplated in the appendix (C). We will also construct the

one-to-one map between the simplex of the probabilities and the fair contracts as stated

by theorem (3).

The state space of the trade dynamics in the network case is the cartesian product

between the n −1 unitary simplex (which represents the space of probabilities with which

agents are picked) and the space of commodities, that is ∆n−1 ×W ⊂ Rnm . One of the

main results in the paper is that each point in the simplex, given an initial point in the

commodity space, can be mapped into solution which, at a final time, corresponds to a

point on the contract curve.

Suppose that the three agents have a Cobb-Douglas utility function (so convex prefer-

ences are satisfied) with constant return to scale, so Ui (x) = xαi
1 x1−αi

2 . This implies that

the functions are concave, so in this case the Pareto Set is a curved (n −1) simplex, or

equivalently it is diffeomorphic to a unitary simplex.

Call αi the exponent of the utility function for agent i , and xi (0) = (xi ,1, xi ,2) the initial

allocation for agent i . The probability space is represented by a unitary 2-simplex, where

the barycentric coordinates of a point represent the probability triple (p1, p2, p3).

Each point in the simplex is associated with a different color: red for the point (1,0,0),

blue for (0,1,0), green for (0,0,1). The probability simplex is represented as a color gradient

of blue, red and green: each point has a different color, and starting from the three vertices

they fade into each other, in a way that the magnitude of the component of blue, red and

green in a color is proportional to the magnitude of the corresponding vertex coordinate.

The (barycentric) coordinates of each point in the simplex represent the probability each

agent is picked to trade. Every such point is mapped to a weighted graph according to

the matching mechanism defined in section (4.4.1): given the probabilities (p1, p2, p3),

the edge between agents (i , j ) has weight (pi +p j )/2. The triangle on the right of figure

(4.3) shows this mapping: a point on the probability simplex is mapped to a point of

the same color on the simplex of topologies. Notice that according to the matching rule

above, in the extreme cases where the probability for one agent is 1 and the others’ are

zero (any of the three vertices of the probability simplex) the corresponding graph is a

weighted star, where the agent with pi = 1 is the core. All the other points in the simplex

correspond to weighted complete graph. As a result notice that the topology simplex

has vertices (0.5,0.5,0), (0,0.5,0.5), (0.5,0,0.5). In the first case represented in figure (4.4)

assume that the utility functions are determined by α1 = 0.5, α2 = 0.4, α3 = 0.6, while the

initial allocations are such that agent three has the highest endowment of both goods,

agent two has the lowest endowment of good 1 and endowment of good 2 higher than

agent 1 that is x3,1 > x1,1 > x2,1 and x3,2 > x2,2 > x2,1. Note that with 3 agents and 2 goods
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Fig. 4.3 Probability simplex (left) and corresponding simplex of topologies (right). Red
corresponds to p1 = 1, blue to p2 = 1, green to p3 = 1. The magnitude of the component of
green, blue and red for each point is proportional to the magnitude of the corresponding
probability.

the Edgeworth Box is a simplotope in 4 dimensions, so we cannot visualize it. We can

represent the contract curve in the space of the agents’ utilities, that is a tridimensional

space. From the results obtained we know that the set of stable points of the trading

dynamics, W N , is a subset of the contract curve (4.1), that it is homeomorphic to a 2-

simplex. From the computations we that in the case of Cobb-Dougals, we have that the

set of stable equilibria is not only homeomorphic but diffeomorphic to a 2-simplex.

Proposition 10 With Cobb-Douglas utility function the set of stable point of a fair trading

dynamics is diffeomorphic to a (n −1) simplex.

Consider figure (4.4): the leftmost simplex represents the space of topologies, each

point in that space represents a weighted graph between the agents. Each topology is then
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Fig. 4.4 Mapping between simplex of topologies and the corresponding equilibria. Only
the three vertices are shown, map is according to colors

Fig. 4.5 Projection of equilibria in the space of utility on agents’ planes

mapped to the corresponding equilibrium of the dynamical system defined by the fair

trading mechanism, represented in the space of utilities on the right of the figure. The

map between the two spaces is determined by colors, while the three vertices are explicitly

mapped. The figure on the right, that is the set of equilibria W N in this case, is a curved

2-simplex, with the vertices of the simplex of topologies that are mapped in the vertices of

W N . Figure (4.5) shows the projections of the set of equilibria on the planes of the utility

of two agents respectively, and makes the diffeomorphism more evident.

The computations confirm our results: the map between the network topologies and

the set of equilibria is continuous, and there is a diffeomorphism between the simplex

of topologies and the set of equilibria: each initial network is mapped by our dynamical

process described in (4.13) into a point of the curved simplex representing the set of

equilibria. Notice also that the points corresponding to the three vertices in the probability
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simplex, that is to say cases in which the probability of being picked is 1 on one agent and

zero on the others, so the cases in which the network is a weighted star with weights 0.5 on

each edge, corresponds to points in which the utility of the core of the star is maximized.

The effective level of utility will depend on the initial allocation, but in all the cases will be

the highest possible given the initial allocation.

In the example in figure (4.4) agent 3 has the highest initial endowment, and ends

up having the highest level of utility in all the possible cases, ranging from 3.315 in its

minimum, when the network is a star in which agent 2 is the core (blue vertex), to 3.330

in its maximum (when agent 3 is the core of the star). From this we can infer that the

trade with agent 1 is the most advantageous for agent 3, as well as for agent 2, as also

her utility hits the minimum point when she can’t trade with 3, and then increases when

they trade on networks in which most of the interactions are between 2 and 3 (there is

higher weight on this edge, as represented in the blue area). Clearly there is an asymptote

in the growth of agent 1 utility moving towards a star in which agent 3 is the core (green

area) and viceversa for agent 3 moving towards a star for which 1 is the core (red area).

Looking at figure (4.5), utility of agent 1 is represented on the x axis, and utility of agent

3 on z axis: the figure has a twist in correspondance of the green area, where the utility

of 1 stabilizes around 2.430(+) and utility of 3 steeply increases till its maximum, while

in correspondance of the red area utility of 1 stabilizes around 3.330(+) while utility of 1

reaches its maximum.

In figure (4.6) we start at a different point in the space of goods. The initial allocations

are such that x1,1 > x2,1 > x3,1 and x2,2 > x1,2 > x3,2 that is agent 1 and 2 have a lot of both

goods and agent 3 is the poorest in both goods. As before each agent maximizes her utility

when she is the core of a star. Agent 3 is the one who is worse off by being a periferal node

when agent 1 or agent 2 are the core. This is not surprisingly as she is the one with the

worst initial allocation. Viceversa utilities for agents 2 and 3 hit their minimum when

agent 3 is in the core. By going towards the points in which the frequency of trades is

mainly between agents 1 and 2 (the networks represented by the edge between the red

and blue vertices in figure (4.3)) their utility is close to the maximum, meaning that both

rich agents prefer trading among themselves because they can extract more utility, instead

of trading with the "poor" agent only.

In figure (4.7) it is possible to observe the shape of the equilibrium points in the

space of commodity one and commodity two respectively, helding the other commodity

constant. As we would expect this is also a curved simplex, with each agent getting the

highest quantity of each commodity (the vertices of the curved simplex) when they are

the core of a star network.
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Fig. 4.6 Equilibria of the fair trading represented on the space of utilities for the case
α1 =α2 =α3 = 0.5 (left) and projection on two-agents’ planes.

We then consider the case of extreme inequality in which agent 1 starts with a lot of

both goods and agents 2 and 3 have a much inferior initial allocation, more precisely

x1,1 > x3,1 > x2,1 and x1,2 > x2,2 = x3,2, results are represented in figure (4.8) for the case of

a Cobb-Douglas with α1 =α2 =α3 = 0.5, and in figure (4.9) for the case in which they all

prefer good 2 than good 1, that is their utility functions are such that αi = 0.2 for i = 1,2,3.

The first thing that we can notice is that the space of equilibria looks relatively similar in

both cases, so that the initial allocation matters much more than the preferences, provided

preferences are homogeneous across agents. Given the disproportion in initial allocations

utility of agent 1 is greater than the two "poor" agents for all possible network topologies,

while agent 2 and 3 maximize their utility when they are the core of a weighted star, as

expected. Nonetheless notice that both agent 2 and 3 will prefer to be in the perifery of

the star where agent 1 is the core than being in the perifery of the star where any of the

other "poor" agent is in the core, even if the richest agent is maximizing her utility in this
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Fig. 4.7 Set of equilibria of a fair trading on the space of one commodity only

case. This is because both agents 2 and 3 prefer to have a consistent number of trades

with agent 1, that is they will always prefer to trade in networks in which the weight of

the edge connecting them with agent 1 is higher ceteris paribus, and this determines the

"boomerang" shape of the set of equlibria.

Now consider the case in which agent 1 is still the richest, but the initial allocation is

much less unequal than the previous two cases. The initial allocations in this case are

x1,1 > x2,1 > x3,1 and x1,2 > x2,2 > x3,2, so agent 3 is the poorest. The results are represented

in figure (4.9), preferences are the same as before. We can see how the picture drastically

changes: now agent 2 worst position is when she is a periferal node of a star where agent 1

is the core, and the higher the frequency of trade in which agent 1 is involved, the lower

agent’s 2 utility. Agent 3, the most disadvantaged, is worst off when she is in the perifery

of a star with 2 in the core, she would rather prefer agent 1 to be the core. In general her

utility will decrease the higher the weight on the edge between 2 and 1.
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Fig. 4.8 α1 =α2 =α3 = 0.5, extreme inequality: agent 1 is rich agents 2,3 are poor.

To summarize the results obtained in this section, we have found that the utility of an

agent depends crucially on her position in the network: it is maximized when the agent is

the core of a weighted star ceteris paribus. When there is inequality in initial allocation,

but there is not much variation between the two "poor" agents, then the disadvantaged

agents prefer networks where they interact more with the richest agent over networks

where they interact most of the times among them. When the inequality is extreme and

there is a "middle income" agent and an "extremely poor" agent, the "middle income"

may extract more utility by interacting with the "extremely poor" agent, while will not

prefer to be in networks where she interact only with the richest agent because in this

case her utility gain will be minimum. Viceversa the most disadvantaged agent will prefer

to trade more with the richest agent than with the "middle income" agent. These results

are related to Borondo et al. [14], who find a clear relation between the structure of the

network and the meritocracy of the society, in the sense that when the network is sparse

then individuals’ compensations depends on the position in the network instead of their
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Fig. 4.9 α1 =α2 =α3 = 0.2, extreme inequality: agent 1 is rich agents 2,3 are poor

ability to produce value. Similar result is obtained in a coalitional setting by [123] who find

a connection between network sparseness and inequality by studying how the extremal

Lorenz distribution changes under different network topologies.

4.6 Conclusions

This paper studies an Edgeworth process on a weighted graph, where agents can con-

tinuously exchange their endowments with their neighbours, according to their utility

functions. We define a family of trade dynamic which fixed points coincide with the Pareto

Set, and choose a specific mechanism in this family, according to which individuals equally

split the utility gain of every trade. This choice is without loss of generality as the results

obtained hold for all mechanisms in the defined family. Under usual assumptions on the

structure of preferences we prove a version of the Second Welfare Theorem on Networks:

for any network in the space of finite weighted networks, there exists a sequence of Pareto
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Fig. 4.10 α1 =α2 =α3 = 0.2 moderate inequality: agent 1 richer than agents 2 and 3.

improving trades which ends in the Pareto Set. Assuming Cobb-Douglas preferences we

build numerical examples of the mapping between the network topology and the final

allocation in the Pareto Set, and provide a brief analysis of the impact of the topology

on the final allocation. This aspect can be further analyzed to include network related

measures of inequality, to understand the link between deprivation in endowments and

deprivation in opportunities determined by the position on the network.
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Appendix A

A.1 Evolutionarily Stable Strategy

Define pure strategies as the finite set of behaviours that a player in the game can adopt Z =
{z1, ..., zn} where n is the number of such strategies. Let a mixed strategy be a profile of ex-

ante probabilities to play each pure strategy, Sn = {p = [p1, ..., pn] ∈Rn : pi ≥ 0,
∑n

i=1 pi =
1}. Clearly a pure strategy can be seen as a degenerate mixed strategy with p = ei , i = 1, ...,n.

Suppose the game has two players only, and define as πi , j the payoff for a player adopting

the pure strategy zi facing a player adopting z j . Hence all the possible payoffs can be

collected in the payoff matrixΠ= [πi , j ]. Considering p and q as two possible profiles of

mixed strategy, the expected payoff of a player adopting p against a player adopting q is

given by pΠq =∑
i j πi j pi p j . A strict Nash Equilibrium is defined as the strategy that is the

unique best reply to itself, so p is a (strict) Nash Equilibrium if pΠp > pΠq ∀q ̸= p, that is

to say the strategy which gives the highest expected payoff.

An Evolutionarily Stable Strategy [ESS] can be seen as a refined form of Nash Equilibrium.

Following [50] we can give the definition of an ESS

Definition 4 The strategy p is an ESS if, whenever in a population playing p a small fraction

ϵ of mutant playing q is introduced, the resident population has an higher expected payoff

than the mutant. That is to say

pΠ(ϵq+ (1−ϵ)p) > qΠ(ϵq+ (1−ϵ)p) (A.1)

with ϵ> 0 sufficiently small and ∀q ∈ Sn .

With ϵ→ 0 we can say that p is ESS if the following two conditions hold:

pΠp ≥ pΠq ∀q ∈ Sn (A.2)
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ifp ̸= qandpΠp = pΠq thenpΠq > qΠq (A.3)

(A.2) can be called an equilibrium condition, and it corresponds to the definition of a

Nash Equilibrium (NE), while (A.3) is a stability condition that guarantees that the mutant

cannot take over the population, requiring that in case the NE is not strict, the resident

strategy performs better against the mutant than the mutant does against itself.

From these it is clear that (strict) NE ⇐⇒ ESS. The expected payoff in (A.1) are obtained

assuming population is well-mixed, so that the probability of facing an individual playing

a strategy p is given by the fraction of p in the population. In the case of a regular graph,

the ESS is obtained by (A.2) and (A.3) with the transformed payoff matrix Π̂. Thus the ESS

condition on a regular graph of degree k is given by:

pΠ̂p > pΠ̂q ∀q ∈ Sn (A.4)

The case pΠ̂p = pΠ̂q is not taken in consideration because the values in B are obtained by

approximation and, moreover, if the number of strategies n ≥ 4 the class of games with

equality in (A.4) is of measure zero.



Appendix B

B.1 Pair Equations, static network

The detailed bookeeping of the events that affects the dynamics of the pairs for the static

network B.1 and the adaptive network B.2.

ṗSI = β(k −1)
pSS pSI

xS
−β(k −1)

p2
SI

xS
−βpSI︸ ︷︷ ︸

infection (S → I )

+ γ(k −1)
pRI p I I

xI
−γ(k −1)

pSI p I R

xI︸ ︷︷ ︸
surveillance (I → S)

+ ϵ(p I I −pSI )︸ ︷︷ ︸
voluntary exit (I → S)

ṗRI = β(k −1)
pRS pSI

xS︸ ︷︷ ︸
(S → I )

−γ(k −1)
p2

RI

xI
− (ϵ+γ)pRI︸ ︷︷ ︸

(I → S)

ṗRS = γ(k −1)
p2

RI

xI︸ ︷︷ ︸
(I → S)

−β(k −1)
pRS pSI

xS︸ ︷︷ ︸
(S → I )

+ (ϵ+γ)pRI︸ ︷︷ ︸
(I → S)

ṗSN S = −β(k −1)
pSI pSN S

xS︸ ︷︷ ︸
(S → I )

+γ(k −1)
pRI p I N S

xI
+ϵp I N S︸ ︷︷ ︸

(I → S)

ṗ I N S = β(k −1)
pSI pSN S

xS︸ ︷︷ ︸
(S → I )

−γ(k −1)
pRI p I N S

xI
−ϵp I N S︸ ︷︷ ︸

(I → S)

(B.1)



106

B.2 Pair Equations, adaptive network

ṗSI = β(κ−1)
pSS pSI

xS
−β(κ−1)

p2
SI

xS
−βpSI︸ ︷︷ ︸

infection (S → I )

− γ(κ−1)
pSI p I R

xI︸ ︷︷ ︸
surveillance (I → S)

+ ϵ(p I I −pSI )︸ ︷︷ ︸
voluntary exit (I → S)

+µκ(PI P (I S)+PSP (SI ))︸ ︷︷ ︸
arrival

−µκpSI +κγpRI pSI︸ ︷︷ ︸
normalization

ṗRI = β(κ−1)
pRS pSI

xS︸ ︷︷ ︸
(S → I )

−γ(κ−1)
p2

RI

xI
−ϵpRI︸ ︷︷ ︸

(I → S)

+µκPI P (I R)︸ ︷︷ ︸
arrival

−µκpRI +κγp2
RI︸ ︷︷ ︸

normalization

ṗRS = −β(κ−1)
pRS pSI

xS︸ ︷︷ ︸
(S → I )

+ ϵpRI︸ ︷︷ ︸
(I → S)

+µκPSP (SR)︸ ︷︷ ︸
arrival

−µκpRS +κγpRI pRS︸ ︷︷ ︸
normalization

ṗSN S = −β(κ−1)
pSI pSN S

xS︸ ︷︷ ︸
(S → I )

+ ϵp I N S︸ ︷︷ ︸
(I → S)

+ µκ(PSP (SN S)+PN SP (N SS))︸ ︷︷ ︸
arrival

−µκpSN S +κγpRI pSN S︸ ︷︷ ︸
normalization

ṗ I N S = β(κ−1)
pSI pSN S

xS︸ ︷︷ ︸
(S → I )

−ϵp I N S︸ ︷︷ ︸
(I → S)

−µκp I N S +κγpRI p I N S︸ ︷︷ ︸
normalization

(B.2)

B.3 Eigenvalues

In the general case of

− 1

2ρ

[
ρ(2β+3ϵ+βqR|S(k −1)−βk)+βqS|N S xN S(k −1)±Θ

]
(B.3)

where
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Fig. B.1 Examples of GL varying the parameters.

Θ =
[
ϵ2ρ2 +2βϵρ((2+k −qR|S +kqR|S)ρ− (k −1)qS|N S xN S)

+ β2((2+k(−1+qR|S)−qR|S)ρ+ (−1+k)qS|N S xN S)2
] 1

2

(B.4)

The generalized logistic function is:

GL =α+ ψ

(1+Qe−bp )
1
v

(B.5)

α and ψ are the lower and upper asymptotes, b is the growth rate (if b = 1 the function

is linear), v > 0 determines if the maximum growth of the curve is closer to the lower or

upper asymptote, and the values of Q and b chosen so that r =α when p = 0.





Appendix C

Notice that finding the contract curve corresponds to solving a convex multiobjective

optimization problem, and the solution in the contract curve are the Pareto Optima of this

optimization problem. Here we present a proposition which is a stronger case than (3).

Proposition 11 [ Lovison and Pecci [67]] Let X ⊂ Rl open and convex. Let fi : X −→ R,

i = 1, . . . ,n, l ≤ n, be smooth and convex functions. Then the Pareto set is a curved n −1

simplex, i.e. it is diffeomorphic to an n −1 dimensional simplex, i.e. the convex hull of

a set of n points in general position in Rn . Each one of the vertices coincides with one of

the optima of the n functions taken separately. Every k − 1 facet of the curved simplex

corresponds to the Pareto optimal set of the problem defined by a subset of k functions in

{u1, . . . ,un}.4 ALBERTO LOVISON AND FILIPPO PECCI
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FIGURE 2. Pareto sets in the general convex case. (a) Two functions.
(b) Three functions. (c) Four functions. The curved (k− 1) skeleton of
such curvilinear simplexes are related to the k-objectives subproblems,
analogously to what happens in the spherically symmetric case.

FIGURE 3. Triangle-shaped sets of wild species observed in mor-
phospace. From [35]. Reprinted with permission from AAAS.

objectives have rotational symmetry (e.g., quadratic forms with a unique eigenvalue). The
simplex start to exhibit curvature as the objective functions depart from the spherical sym-
metry. It is however worth noting that in the convex case we could obtain an essentially
faithful approximation of the whole Pareto set simply solving m single objective optimiza-
tion problems and building their convex hull.

4. STRATIFICATION OF THE PARETO SET AND SUFFICIENT REGULARITY OF
OBJECTIVE FUNCTIONS

In the convex case the Pareto set is diffeomorphic to an (m− 1) dimensional simplex,
in the non convex case the situation can be much more complicated, analogously to what

Fig. C.1 Taken from Lovison and Pecci [67], shows the case of the Pareto Set as in the
convex case, respectively for 2 functions (leftmost graph), 3 functions and 4 functions.

Proposition [11] has been show geometrically by Shoval et al. [113].

Definition 5 A function f (x) :Rn →Rn is Lipschitz continuous if there exists a constant L

such that:

| f (x)− f (x ′)| ≤ L|x −x ′| ∀ x, x ′ ∈Rn
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Definition 6 A topological space X is pathwise-connected if and only if for every two points

x, y ∈ X there is a continuous function f from [0,1] to X such that f (0) = x and f (1) = y, in

other words for any two points in X there is a path connecting them.

Definition 7 A space S is simply connected (or 1-connected) if it is pathwise-connected and

if every map from the 1-sphere to S extends continuously to a map from the 2-disk, that is

every loop in S is contractible.

Here we also present a proof of (3), that the Pareto Set is homeomorphic to a(n −1)

simplex.

Proof 7 . [[71]] Define as ∆ the (n − 1) closed unitary simplex, U = {u ∈ Rn : u(x) =
(u1(x1), . . . ,un(xn))} the set of the utilities of the attainable allocations for all agents, and W

the set of weak optimal allocations. U is convex, closed and bounded. Given that ui (0) = 0

for all i and preferences are monotone, then 0 is in the interior of the set of the utilities and

if 0 ≤ v ′ < v ∈U then v ′ is in the interior of U relative to Rn+. Hence for each p ∈∆ there is

a unique u(p) ∈W such that p =αu(p) for some α> 0. The map p → u(p) is continuous

because U is compact, and this map is the homeomorphism we are looking for.



List of Abbreviations

PA pair approximation

PD prisoner dilemma

NE Nash equilibrium

DFE disease free equilibrium

EE endemic equilibrium

HEE high infection endemic equilibrium

LEE low infection endemic equilibrium

EGT evolutionary game theory

EGrT evolutionary graph theory

BD birth-death

DB death-birth

IM imitation

ESS evolutionary stable strategy

MR multi-regular
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